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4883 Fracture Machanics 1972

Idecs and Events of Historicael Interest

During the 1920'c, statistical methods had sufficiently developed so
a8 to provide certain simplifications aspplicable to "extreme value" situations.

Thece were suitable for elementary forms of nucleation theory applicable, for

* example, to the growth of raindrops in & cloud of vater vapor. TE=emmra

Polyani at the Berlin Hochaecbule encouraged and suggested ideas of that type.

The result was to focus sitention upon certain irregularities which possessed

‘significant growth or motion possibilities. Thus, Orowan, whose doctoral

thegis at the Berlin Hochschule (1930) was gevoted to the erystalline dislo=
cation ide=a in application to ylelding of metals, recalls that he was asked
ErmessE (o his doctoral examinetion to give & procedure for estimating

the tensile strength of z nure liquid. From ideas under discussion at that

' time, the procedure went as follows. . -

Asgume a spherical hole of vq}ume, w, occeurs Inside of & liquid subjected
to a tension, o. Assume tThe piston prodvcing the tension moves slowly, the
contalner valls,afe rigid, and w i5 small compared to the expausion, 4,
necessery to proi&ce the tenslle stress. The total syctem energy, Qp, neglecting
heat, consists i%’the slresn fleld energy pius the surface tenclon energy éf

the bole. Thus

UT = -

P b

d(ﬁ-m}l + oy Av | o {1y

where v is the surface energy {per unit area) and A is the surface erea of

the spherical hole. Variaiions of the hcle siz2 are soswumed to oceur rapidly

compared. to motion of the piehon. ' 2 o ‘ - S




Tbus, with the container volume essentially fixed, the system has & maxfmum

potential energy condition of unstable equilibrium relstive to variatioms of

w when
EP.?.::—l-(A-u:}-@-‘I-.l_o+yi‘é=0 {2}
A 2 au o dw :

The fractional-change of ¢ with change of © Iis given by

;(-12‘ = e _d_LD | (3}
o A=y : )

Thus eguation (2) Leccmes

au., - o
_,_,,I:av .@.{1‘_ ~a0=1 ’ (éi)
dul dG—‘ . L.

(o34
or S ‘ :
> =¥ . (5]

vhere T is therradius of the spherical hele, In response to tée examipation
questicn, Orowan poin%ed out that the ligquid tepnsile sirength could be
ealeculated in terms of y and equation (5} by choice of a suitable value for
r. This, in turn, vas supplied by'aséuming.that,_since liguid molecules

arg mobile, boles of the approximeie slze of & eingle molecule must not be
infrequent. Thus; gn estimate of theAliquiﬁ tensiie Gtréngth {expected td
hevmoaeratcly high) wes given by

n o _ :

where D 1s the molecular diemeter.

A gimlloxr basic jdea uvae used by-ﬁ. A. Crareith {1920) in formulating
o theory of fracture chtrength for britile materials. Criffith assunzd
auch matnriaia woulG contain emall crecks nnd that unetable exteﬁsion Sf
the largest of theee would determine the Fraciure strength. As in the cacse
of the liquid illustration, the tolal systen energy wonld be msrimur and
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in'unstable_equilibrium relative to the crack size when the rete of relesse
of ptress field energy ves Just balenced by ithe rate of inérease of surface
energy.

Griffith'a estimate of the rate of release of stress field energy
(nov termed .;%') wis derived from & two-dimensional armlysis of stresses
ground an ellipticai opening in a large plate published by Inglia'(lglg}.
In equation form, the Griffith theory of crack stfength had the form

- 2 o’ *ra
ﬁ.— R : - M
A o= ey = D

where o is the remote tensile stress normsl to the crack, a is the half-
length of the tﬁo=dimenaionalﬁcrack, E is Young’s Modulus, and v is the
solld state surface ehergy. |

A smaller degree of success would be expected for the basic ides in
application to solide than in application to Liquids. Revertheless,
experimental trials with glass gave encouraging resulte. It is now known
that experiments with "éry” glsssn would h;ve provided crack-strength resulis
corresponding to & surface energy of about 7,000 ergs/cm®. However, “ary”

_ Special e ' '

testing conditions requirﬁﬂféﬁﬂ effort,ﬁﬁézﬁéiﬁﬁﬁﬁ. In eddition, his experi-
wments with thin bulbs of glass uﬂing intarnal'préésure ray have heen
influsnced Sy local bulging of the regzion containing the initial erack. In
| . were Lrtgrpreled 25 Correspond asto
eny case, Oriffith’s experimental results/\eeaea?aﬁ&é‘ﬁs values of ¥ not
far from 1000 crgs/cmg vhich seemed like 8 falr value For the surface eﬁergy
et that time.

Although the Griffithrcrack theory was accepted as basic sy those
stuﬁying the strength of glass, this viewpoint was slow to receive interest
among those primarily concerneg with stfuctu:al metals. Carefu} investigations

vere made of the energy vhich must be exerted to fracture notched steel bars

/. 3
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of various size by Stanton and Bateon (1520} end by Docherty {1935). Despite

exnct attention to dimenciopal eimilitude in terms of notch root radius

_and apeciﬁen gecmetry, both investigations showed that a large decresse

occurred in the fracture work per unit specimen volume with Increase of
specimen slze. Although these resulls were disturbing with regard to applicéo
bility of structural model testing, they did not directly,éuggest applicability

of the Griffith crack theory because the work rate found vas not proportional

to fracture area. The result found was intermediate betwsen proportionality

speccmen : fracture
tqﬂvolume and proportionality toAﬁrea.

In a widely read 1941 review paper, Goerge Sachs stated that plestic flow

behaviors can bz apalyzed assuming dimensicpsl similitude vhereas, in the

~cage of fracture, an Increase in degree of'brittlenées occurs with increace

of dlmenslons. HNo explanatiohs other than experimental faclis were given by
Sachs. His obaervatioﬁ had an ipfluence upcn invgstigaﬁions of fracture
brittlgness of ermcr for paval vessels conduched 8% the‘University of Forth
Caroliﬁa duripng World Wer IX. In=a Bﬁmmary of thet work by Sbearin and coihers
(1948}, the fracture work results for notched bars were divided ioto the work
prior to cracking‘of the nﬁtch root and the "post-cr&cking" work. In line in
Sach®s comment, 1t was found that the "precrack” work waé nearly propertionsl
to specimen volume (in scaled experiﬁents). Yost of the "size-effect”
pertained to the energy required to move the 1éading edze of an already formed
crack. 7 | 7

In the development of & fost Vorld ¥Wor II fracture pfogfam et the U. 5.
Faval Research Laboratory, it was aEcidcd to ettempt establishment of a

relationship between the work rate to move En-already formed crack end the

I 4
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stress field energy release rate. It was recognized this vork rate would
o
consist in plastic strains near the crack end would not be appreciably

influenced by the solid state purface energy of the'material. The initisl

paper {by Irwin) discuesing this viewpoint is in the A Symposium voluxe

“practuring of Metals" (1948) as is the above paper by Shearin et al. The
correspondence of the nev viewpolnt to the Griffith crack theory vas’
pointed‘ﬁut. It was, in fect, suggested thaﬁ an equetion similar to'eqﬁation
{7) might periain to onscﬁ ?f rapld crack extension with a pE#éticuwork—
depénﬁent constant substituted in place of 2y. By 1952, e wide eprlicability
of this 1dea wns apparcot. Fﬁrthermore, the fact that relationships

gimllar to the medified form of Equation (7) would supply connections between )

design stress and allowable flavw size vas considered of special imporiance.

The dlscussions of the modified Griffith theory by Jrwin and ¥ies in two

wclding,Journ&l papers, 1952 and 1954k, reflected a degree of aptimismwith
regard to praectical applicability vhich wes shared by very.few fracture
scholers at that time. |

Qrowag independently published the piastic work rate rodificetion of the
oriffith crack theory im 19Q§ and 1952. In Crovan's view, the idea vés
primarily of imterest for research guidsnce. Irwin and des glaimed the
podified Griffith theory could be used for. practical eatimates of fracture
‘strength no long es fracture occwrred 1n advauce of general yielding. A
~Mide divérgence of opiniohs on fracture strength existed prior té 1960 which
could be resolved only by refinement and development of fracture mechanics
technology. However, the degree of acceptance of ffa:turenmechanics, evideni
duriné 1960, was enough to guarsntee coniinued growth of the subject. This
acceptance arose primarily from the intenslve study devoted to three major

fracture problems during the period 195h-1550.

i-2
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In the firsﬁ of these, failure of the de Havillsnd "Comet" cormercial
Jet sircraft, the officlal report was disappointing, in the sense that
reference wvas made only to fatigue and inadequate window reinforcement as
the factors responsible. However, the impertance of erack propsgaiion
in the "Comet" failures was clearly acknowledged by the use of materials of
greater crﬁck;toughness and by the introduction 5f créck-ar?e#t design
features 15 subsequent commercfal Jet planes. The fracture asafely of anmy
gircrait étrunture rests primarily on the ability of coéponents to resist
pfopagation of such cracks as may,'uhavoidably; develaﬁ during service
" before replacement. The avera;e stress level in the pfessuﬁe hull 6f the
"Comet" vas sbout one-third of the yield strength oflthe materiel. Because
'of inadequate window r&infbrcemeu_, the effective crack size determining.
: hece ssavy
tha Griving forceﬁfor crack propagatlion was lmi&.tﬁxbvx " the si;g of th&
vindow vhere fatlgue cracking oceurred. | -

In the pericd'l95ha19§6, o speries of incidents cccowrred involviﬁg
large stean uurbinp electric current generators in which heavy (100 Q00 lb)
steel rotating components fractured unexpectedly during ‘service use. The
serious dangere, In terms of damage end of fipsncinl loss, stimuwiated a very
intengive study of the problem; The l&boratory tests most cloacly aimulatiLg
the service failbwes were those 1n vhich rotationnl Epﬂeﬁ WaS emp1oyed ﬁo
*racture large notched disecs. A saulsfaCyory correlstion of tnes unsta with
other fraclture tesis, apulying the available conﬂeptf' of fz'acw:.e mechzmic:s,
was provided by Wundt and his nesociates at General Electric [Schenectady).
" These sane concepﬁgéssisted understanding of the eervice fallurce. In sgree=

ment with the laboratory fraciwe tests, examirstion of the service fraciures

/. 6
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puggested that the sterting cracks hed grown 1o a size of the order of
geveral inches before the development of rapld crack propagetion. Iocal
concentrations of impurities were usually essociated with these cracks and
the stable growth possibilities were enbanced by the preseace of hydrogen.
The average stress on the regicn cont&iﬁing the primary origiﬁ vas 30% of
the yield strength;

This fracture problem stimulated interesst in ultrasonic inSpectién end
a demand for steel componenis of greater toughness and cleanness. The
desired degree of improvement of the steel wus achieved mainly through the
enhanced scunéness of the forglngs made possible by betier steel-mwelting
practice and‘by the installation of wvacuum-pouring equipment ﬁuring 1957-15959.
In eddition the éteel composition wes improved so as to provide & slgnificant
inereage in the fracture toughness of the melal.

The third major fracturé problem was concernsd with steel solide- pro-
pellapt rocket chambers. This resulted in extensive imvestigations of crack
propagation in very higb;strength metals, beginniné in 1958.. Careful exami-
nations of fracture failure coupled with realistic methods of laboratoryr
érnck-toughneus evaluation, again Proved meoy usefui.. The zocket chambers

vhich experienced eerious cracking troubles were fabrlieated by velding and

hest~treated, after welding, to & yleld strength in the range 190,000-215,000

lb/ing. Fabrication cracks vere always involved in these failures. H;th
rare exceptions these occurred in‘velds or along weld Sorders. Iarge improve
ments in the accuracy of inspection, sssisted by smooth finishihg of the
wel&s end the eliminzstion of molsture=induced stress=corrosion, vere
peceapary. When the qrack«toughnesé of the material was maintaeined at a

sufficlently high evel so that a small crack half through the_cylindrical.
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wall sectlion vas gtabie with the normal %ension equal to the yield stress,

it was posaible to effect the weldihz end inspection with enough care for

reliable production chambers to be ohtained.

In 1959, the American Soéiety fur Testing Materials established &

apecial committee for fracture testing of high-strength metals. The First

Report of this commitiee (January, 13350} stated than "the validity of the

analytical nethods of fraciure mechentics is C\’ffc1ﬂnt1y well established

to permit their use in determining whether a fracturetest "is meesuring

. the significant quantities governing parformance" and the degree in which

a fxacture-test result may ‘be genera)Lzed to the more complex structure

exioting in service”. The A. S T.H. conmlitiee p*ovided tentetive recom-

mendetions on crack—toughness measurena&ah orogedures which have been

-

extensively applied.

How termed ASTPﬂ:E—zé
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L88G Fracture Mechanics 1972

The Crack Lxtension Force, /é%, from Energy Principles

In mechanics, forces are sometimes derived from emergy considerations.
Appume there is & block of mass, m, resting on en inclined plane which makes
An angle, 3, with the horizontal, and thet the contact friction is large
euough so that the block is stationzry. In order to Lind the force, fs, on
the block tending to cause sliding,‘ﬁe could resolve the toial force of
gravity, mg, i1nto componeznis normal to the plane end perallel to the expsctesd
direction of sliding. Alternatively we can Imagine an increment of sliding
displacement of the block, ds. Then the foree, fﬂ, is given~by the equation

| fsds = mg ds sin © e (1) |
vhere the right side of equation {1) is the loss of potential enefgy from
the system corresponding %o the imagined or "virtusl” Qieplacemeni, ds, of
the block. The result, fB = mg,.5in 9; ie the same o5 would have béen obtalined
by repolving the totael forece of gravity oa the block into vector components.
However, the energxﬁmethoi using & virtual displacement 1s more gmneral and
can be used Lo define a generalizea force in a situstion where the tendency
ot thé force %o cause forward motion of a process cannot be vievnlized in &
simple way. | | |

in order to establlsh studles of progressive fracturieg in terms of
guantitetive charaecterlization and observation, it is necessa%y'to define
the force‘tending to cause crack extension. Tﬁis.can be éone with s maximum
degree of simpliéiﬁy i we assume that the system (test plate or component)'ffi
containing the crack hae only onz energy reservolr, the elasilce streés Tield,
end that Increments oé?oruard motion of tbé pfoceés can be'takeﬁ gg incremente,

dA, of new separetionzal area. From the principles of theoreticsl mechenics

7.4




it then follows that the crackﬁextensionaforce,423 , ie given by
LY
, 4au, ;
,{; = - oL {system ieolated) - {2} (
éA . : et
vhere UT is the total stress field energy. The 'system isoleted” reqnire-&y“
ment simply means that, If no energy enters or leaves tha plate at the
loz2ding pointa during the crack extension, dh, the loss of stress field

encrgy,—dUT, can bz Qirectly mszocieted with the increment of crack exten-

sion, dA.

The sveiem isolsted requirement can be removed ii the ensr enterin
1 & 1A

‘the piress field throuvgh moticn of the loading forces is teken into account.

a through-crack

[

For example, suppose o test plate of thickness, B, contain
ko
of length, &, &s shown in Figure 1. Assume the specimen is pin-lcadsd

5 0 00 N

_(as shown) and that the increase in separawion of the loading points due to
applicaﬁion of a load, P, is A. If the lcad=displocement changes 5y ah
during the incremeant of creck extengion, ¢A = B da, then dﬁT is aungmenied

by &an améunt'P dh thch repregents energy wiich is storea and recoverable-
The net change of stress field energy representing the enevgy loss associaied
with craclk extension ie therefore dUp minus P da. Thus the equation for ,f%

becomes

W

,ff‘(‘a da) = = (aUTana} '

{3}
= P .ﬁb = dUT :

I+t was assumed above that the stress Tield was elastic. This means

that the energy loss asscoclated with crack exiensicn opcurs only at ihe

= " mathemstical point which represents ihe location of‘the leading edge of the

erack. Actuslly we know that the energy devoled to fraciuring is mainly dis-

sipated inio heat withln o region of nopeelagtic siraips adjacent Lo the

R [

lcading edge of the crack. Presurably scme gain 1n anelysis accwacy woulid

'

%
2.2 See pase 3
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result if we moved the point position of the leading edge into & centrel
location within the region of non-elastlc strains. This can be rememhereq
for future considerétion. For the preeent,; it wlll be assumed that the
lateral dimensions of the non~elastic or "plastic” zome ere negligible.
Obviously the torm P dA in equation {3) must be generalized if there
ore & nurmber of loading force positlons. dtherwise equation (3) defines ,é?
for o situnticn vhich is not "system‘isolated”.' Agsyme pext thet the stress
strain rélations applicable to the gtress field zre lineareelastic. This

means thot the load displocement, A; is directly proporitional to the 1oad.

A=CFP ' (&)
TP (A = cdP4PJC)
vhere C isthe complimnce. Furthermore
- 1 |
U= LPA {5)
From equation (k) j
' P ah = 4 aP + PoaC o (6)
From egquation {5)
av,= L (4aep+ Pas) (7}
T 5 L |

Using equaticns {6) and (7} in (3}, profides

/ﬁ“'ég-%g— | (8)

C is an increasing Zunction of the crack sizne, e. For a fixed crack size,

C snd 29 do not depend upon P apd A.
ag

e

f , -
Yalues of Jg’can be éoterminzd Ffor plate speeimens, such as that pictured

in Figure 1, using cquation (8). Veluss of ¢ are firsi measured as a

-

Ffuncticu of the eranck size, &, vsing cmall loads (Lo avoid non-lincar strains;

Fel

and a serizs of noteh depths o represenf; 2 spacad szcuence of a values.
Methods of curve filting and trend enalysiz 2an bz used to plot acuuraic

grephs of C  and da%/da as Puaciicns of a. With ¢his informesion at hend,

2,3
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crack extencion experiments can be done using similar specimens andg the 7

values of interest can be celeulated Trom cbservations of parameter pairs
such as P,a; P,A; P,C; and A,C. The proceéure described above is termed &
compliance calibration. ' =
The teat specimen éhown in Figure 2 is termed & doublescantilever- beam
{DCB) specimen. Sich speeimens are useful in measurcaments of the tensile
cracking strength of adhesive Joints. The upper and lover halves of the
speclmen éerve as the adherends. The sé#&ration is confinoed to the thin
layer of adhesive petueén the adberends. In this figure the lesding edge
of the crack is shovn as at & distance, a, from the loédingrliﬁa. The beam
‘height of each adhefend is k. ﬁs before, the gpecimen ithickness ceross the
leading edge of the crack ic B. If eachk adharend is regarded ss & beam
which is "built-in” et the position of the crack tip; an egquation from

Timoshenko provides the following estimste of A;

- 3 . } - . - ) .
-—é = —--—-?a + -3 -n......_Pa ’ (9;
2 3BT 2
Since the second term on the right is usﬁally emall, ve will aspume
. . /‘ -
E=2u{1+ v} = g n (10} -
corregponding to v = 1/3. ' D '. '_ L
Equation {9} can then be writien in the form
A= EE. {3 + 1) {11}

2EI
Becsuse the mdbering beszms are ectually builtwin only at their conbacting
surfaces, the observedload deflections will correspond to beam lengths
lorger than a by & moderate fraction cof b which ¥#ill be terﬁed, s.. Thus

o
!




C = 2 (a+ao)j + h2{a+%3{l (12}

3BT
- 3{a+a_}
ac - 8_ + X (23)

vhen a is much lerger than b, equaiion (13) withk the cholce, & = %, often
provices sﬂtisfactory neeuracy- However,: in actral use of BCE specimens, &
complicnce calibration is desirable ip order to determine the best choice
of 8, o 1cl) as the renge of a-values for which an equation similar to
equstion {13} can be used. -

Study of the depands .ﬂy “af the load displaﬁements on & gnd h suggesss
that acfaa, for ény éiven valuz of a, depends primarily on the beam height
pear the crack %ip loczation. Thie fact suggeeted © 'ﬁe devélepment of
contoured DCH specimenc® in which the varﬂat ton in bean height was adjusted
£o that d4C/dn remalns Tixed with Ehanges of crack size. Ccntouréd DCB
specimens arve of special value for expzriments in which oﬁly load observeilons
gre foasible and for experiments in whicﬁ e constant value of‘ﬁg'bf applica-

‘tioncef a fixed icad ip wanted. N

For the purpose of investigstions of créck.éxte sion 1n nearly iaotropic
solids, specimens of the DU type are handicapped by the tendency of th=
crack to turn and break ofl one srin of the specimen. This dL;f;uuk Sy can be
overcome 4o & large externt ty gvooving the apecimen_faces aleng the liﬁe of
dcairéd crack exteralsn. Ta this way ihe Lansile giress near the crack tip
parallel t the specimen longth xﬁue o Lc"ulng} is rnduced in ﬂomnarison s

-

the tencile stress norgal 5o ibe desircd 2ocue of the plane of eepafation-

#S Mostovoy, P.B. Crosley, and E£.d. RiplL“g "Use of Crack-Linc-Loaded
Specimens for Measuring Plaze-5irein Fractire Toughress”, Jn). of Materials,
Vol. 2, p. 65, (1657}
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Conslder a long vaiform strip in tension zs shown in Figure
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Figure 3 - Semi-infinite creck bisecting & strip of height S.
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Ve lmagine & cyack wes. introduced out of view to the left and bns advanc

1o the position shown. The original stress in the sirip is essuzed 4o be
_ i E

g = 0.

- Toe etrip is asswmed 4o be held at the upper and lower

g = ¢ and
y .

‘ ' : /
bounderies so that mollion ip the yediresticn isprevented bubt aisc so that

"the condition o, = 0 is preserved. We can select erbifrary boundary lines,

Xy end x_, such that to the right of x_ the stresses do not differ sigmifi-

2’ 2
cantly from the originsl stress condition, end oo that o the
stresses do noet differ significanily from zevro. As the crack sfvances an

sdditiona) increment, de, the bouvndary lines ore incgined 50 more with the

leading edpe of the crack. In this way, one can sce that the loss of stross

Tield energy {per—unit-thiekness) is sinmply the sivess field enerzy between
whe two Ys boundary line posltions separs%ed by Ga. 1nus) e G

al»‘c‘d@aw‘w ,ga—q,-;w

left of Il <he
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_of the leading =dges ie e 1

wis

end

e

Tr £he cusce of & long crack bigeciving & £irip {

atica (B8} ¢

gs well as ip crack problems golvad uzing equatl

the DB test specimen), the debermination

the pitress ‘ncﬂn icatlo near Hhe leading cége of
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' 4882 Practure Mechanics 19
Two Dimensional Apalysis of Cracks |

\
A. The Alry Equation and the Alry Stress Function

Prior to direct treatment of crack problems, a brief review will be glven
of certain basic aspects of two-dimensionpal linear-elastic anal&sis. The solld
under conaideretion can be regarded ss & flat plate of uniform thickness and
the material as being homogeneous,‘isotropic, and linear-elastic. The coordinates,
% and y,aré in the plane of the plste. A erack, when presenf will alweye be a
straight through-the-thickness separation located on y = 6. Only static stress
fields will be considered. Thus the inertia’ of the material playé no role in -
the equetions for stress compa?ibility. The stress compatibility equations

simply specify conditions on the stress gradients such that every small element

of the material is in equilibrium. These equetions ere

3
E-c..,ac- + —l}-—cz = 0
’ ox ay g
(1)
3 : :
S ‘ .?j‘—x-z + ...O_-L =
] ax ay

One can easily see that eguations (1) ere alvays satisfied if

2

°F ¥F A F :
o = S o0 = ;T om o= : , 2
x T e X 3xdy @,

vhere F 18 & well behaved function of x énd y-
The Hooge's Iaw relatiénshipé which represent ﬁhe 1ine&r-eiastié nature.
of the material can be written (for plane«gtress, 62 = 0) in the form
E €, =0, = VO -

E ey = oy -vo,  (3)

E Yyy 2(1+v) Ty

vhers E 15 Young's Modulus and v 1is Poisson's ratio.

Lo
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It §s desirable to make use of the fmct that the three strains (ex, e ;Y )
. J zy
are derived from only twoe dlsplacements, the x~direction displacement; u, and the

y-directiocn displacement v. The displacement competibility relationship expres-'
sing this fact 1s given by A

e o 2
x y 3 ( y

> = " o iy | ()

1f the stresses in equations (3) are replaced using equations (2), sub-

stitution of the strains from equations (3) in the equation (L) then gives the
result . o . _

This fourth order homogeneous partiesl differentlel equation for the function- ¥

‘is often written as

w2 (V) » 0 N
g 3 o '
vhere §7 = Se— + D : (7)
a3y ax* , ,

Equatién (5)7is the Alry equation and F 1is termed tﬁe Airy stress function.
Obviously any solution, o, of the Laplace.(hgémonic) equafion
JZo=0 e - (8)
would be arsolution of equations {(5) and (6)}. Hovever, thesé equations arer
of higher order (bi—harmonic) and one c¢z2n shoy thet the general solutiop éan

be written in the form

F=oq+ x&b + Fﬁs +‘(x”+3”) ? T 377_ | (9}

vhere the functions g, (1 =1, 2, 3, b) are all solutions of equation (8).
Such functions are often termed "harmonic” or “potemtial” functionms.

It is not difficult 4o find illustrative harmonic functions. In fact either

the reel or the complex part of any function cf ibe complex variable,zg.: x + 1y,

3.2
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gatiafles equation (8). As an exampls conai er the Punction £{g) = log 3. Since

3= reig, log 3 = log r + 16 (10)

where *¥ = x° + y¥° and tan 0 = y/x

Thua the real end imaginary pértsof log 3 are given dy
Re(log g) = logr = 1/2 log (x“+y*) (11)

In (log 5) = @ = arctan (y/x) A (lé)‘

Trial of thé right sides of equations {11) and (12) in the laplece eguation
readily shows that they are both harmonic functions.
After some practice in choosing Tunctions which solve certain types of
elastic stress field problems, an experienced analyst cen "guess” appropriate
harmonie functions, adjust ccefficients to setisfy boundsry conditions and

produce stress field solutions by whet 1s termed the "semi-inverse' method. The

quicknese of this procedure is attractive and it will be seen that stress Tield

éolutions for & large number of two-dimensional crack problens can be obtaiped by

aﬁrelatively simple fqemi-inverse" method.

-

B. The Westergaa*a Method

A technical paper by Westergsard (Trans. ASME, 1939, A, Vol. 61, p hg) pre-
sented an edertation of equation {9) which is convenient for solving problems 1n
which the crack ig on ¥ = 0, the plate slze 1z infinite relative to the crack
glze, and the 1Qaﬁing symeetry is such that Txy * 0 on y = G. Westergsard con-
aidered a restricted form of equation (9)

Fwo * 3% R &)

and selected the harmonice func‘tiona'q\1 and ¢ so that Tky would be zero when ¥ f,gé

In order to understand and use the Westergaerd method, 1t is deéirable to
anderstand hov to obtain the x and y derivatives of Re(f) and Im(f) in =

simple and rather general manner. Consider the followlng equations in which £

ia o function of Z=x 4 iy.

U
2




S$ey= Re §+ 1 Lo d

,q;,:,u#ht'u_j

Ao 2 HeF+ i = Infamt ' | - (14}
ax ax ax
. . t
£! w Rett + L Im ¥ |  (15)
af _ A 3 U ]
L5 Ref + i % it v it (16)
.C?'ﬁ ¢ Rgfr- T § | ' : (17)

Matching the real and imaginary perts of equations (14) and (15) -

‘ - I .l . . -
-@—- Re_"F '——'\RC J-; . :?’"' l}’ﬂ‘g- - Ipﬂ 'S:'. (‘8)
X J OX
Matehing the redl and imaginsry parts of equations (16) and (17)
2 Reb = - Imt'y 2 Im¥ = Red (1%)
¥ : 2.2y . ‘ _
Equations (18) end (19), termed the Cauchy-Riemamn relations, permit the writing

out of x and ¥y derivatives of f(gJ in a formal way prior to spemeific selection

|

|

. J
_Consider next the results of choosing | 1

|

dja = Re £ and ¢3 = Le £ _ (o)
Prasumszbly in order to avoid use of high order derivative notatlons, Westergaard
pfefcrred to use the following terminolcgy in which Z: Z, f, and Z are all

functions of the complex varisble 53

b 4o - _d 7 = ; d 7 | ()
| Starting with equation {13} in the form ‘ _
= = (22"
F = Re £ + | Im L .
end wsing equetions (2), (18), and (19), one finas thag
Cﬁj = Re Z —+ 4 Iw Z' | 7 (X3)
G’;{ = Re Z — Y I Z' , (&H‘).
Z’}c:‘ = '—-j Re_ Z.i | | ' - (2'5)




Cne can easily see that 1f Rezl is bounded on y = 0, then Tgy is zerp on
y = 0. Thus, for crack problems su;h that Txy =0 ony =0, equation (z2)
reduces the semi-inverse method to the choice of & single siress function, Z(z).
There is, of course, scme guestion ms to whether this degree of simplification
of equation {9) 18 overly restrictive in terms of the crack pfoblems vhich can
be aolved. With regerd to this aspect two comments are ap#ropriate. (1) fhc
restriction to problems such to Tey = Oony=0is eaplly removed by a2 simple
modificstion of egquation (22) such that Ty = OQonys= b'is replaced by c% = 0
ony = C. This-permits trestment of e large range of crack problems with ine
plane loading. (2) Trom experience, crack stress fiel& problems divide into two
classes. Those which require numerical epproximetion methods (use of & ccmputor
progran), end those whleh bave relatively simple closed form solutions. With
rare exceptions &1l of the solutions of the second kind are obtainmble using

the Westergasrd method. Even when & numerical approximation method is pecessary,

the Westergaard method is usually helpful in establishing the computational

Drogram.

G Illustrative Two-Dimensiorml Crack Problems
In 1913 Inglis published a solution for the Btresses near ; ivo-dimensional
elliptical opening in ap infinite plate subjected to & uniform bl-axisl sﬁress
field remote frowm the opening. In ofdﬂr to obtaln the stress field for a small
crack in a Field of tension normal to the crack, Griffith {1920) increased the
gccentrieity of the elliptical opening so that the minor axis approached zero.
Using the Westergasrd mpproach the ansvers sought by Griffith sre obtalned
by the choice o .

Z = T (26

Ni- (2"
35




Hare the crack extends from x = -8 to X = a on y = 0. In order to see that this

cholee is satisfactory with regard to boundary conditions, re-write equation {26)

in ite first quedrant form

O 3,/ ,
7 _ . R { 27)
Vgr-at
and substltute vectors for g, (z-2), end (z+a) as follows
= L5, , (O, ,
= T S = 2t a =\, € (2¥)
3 € , 3-4a=nne 5 3+a A‘c-,
These vectors are ehown in figure 1
o =T
. ///’
' ~
/
" I“;// F;
T e
o ety oy
T ' G2 e e & :
= - .._...4‘.,-‘._.-7-.‘.__-':-"-'- o s '.,___'_-—\‘-!--——"-—-—-———-———-_-_lL_._.._____.. _____}&__ r....f-,,_.h_,_.._i
- | +a

{“i o e [

Differentiating equation (26) or (27), gives
‘ s
f - g &

7 = — ,"(.19)
Gy

SERL LI

Using the vector notation

~

e
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If ve agree to restrict the angles €, 8, and 6, to the'range -7 to W,

then equations (30) and (31) retain the symmetry implied by equation (26).

¢t

Referring to equations(23) (24), and (25) one can see that ReZ = o in the

4

limit as T approaches infinity for g1l values of 8. In addition the terms
yﬂeZ' and yImZ* approach zero a&s r &prroaches infinity'fof all values of é.
Thus the applied load at infinity is Cy = Oy = oo 1If we wish to modify this
stress field toward ci = 0 2t large r, this can be dore by adding a uniform
x=dirsction ccmpfessivg stress.

Conslder nex* the boundary conditions ony = 0 witﬁ ¥ between -a and ta.
Along this region the crack Burfaces must be free relative to the stresses oy

Q—Our‘ﬂ'.
.and_Txy. The crack line region can be specified by tahin Ea 8 =" and 8,

x 4B gero because yReZ’ ig zero. o, 1s glven by ReZ and is zero because

xy = ¥y
cos (8 - Eli'.?.n?..) = cos = =0 (5‘01" g=tr) (32)-
2 2 ,

s os(-E) =0 (Fer €20




In most cases, & check of the boundary conditions with regard to stress as

indicats=d sbove, provides an adequzte guarantee thai we have obtained a cozplete

and unidue solution of the particular crack problem under examination. However,
&8 & matter of caution with regard toc baving the proper sclution, 1t iz usuwally
desirable to examine the behavior of the displacements as well ed the behavior

of the stresses. Referring to equations (3) and substituting from equations (23)

and {24), one finds

Eoe e B o= (-D) ReZ - Gad) g TwZl G2

—

£ e - £ XY (1-D) Ke Z +(|+1$> 3.—[»‘2: ‘ (3\—“{“)

The integrals of these eguations are given by

E i = (D) ReZ - (1+0)y LmZ ‘_\35“3

—

Fv = 2 TmZ - )y Red o (36

From examination of equaition (27), the integral of Z(g) vhich is termed Z is

glven by ‘ -

z = o iy @

Remote from the crack the displacements increase toward infinity in linear fashion

&8s would be expected. On y = 0
el = & Yx*a*

(38)

clearly ImZ end v are zero on ¥y = 0 unless’ [x! = a, agein the expected behavior.

Along the line segment occupled by the creck the velus of v 1s the half=openiug, T,

iq is givéﬁ by the eguation )
_— - TTi (35.)
En = A& wvAaAT-x _ -

Yt can be observed that a trace of the ecrack opening, with 7 enlarged to finite

size, would have the shape ogan ellipse. The major semi~axisz of the ellipee is

W
(8]




& &rpd the minor gexi-zxis is.ﬂo where

' 2 O <L
qo = E-"

It is of some interest to note the size of the small root radius, g, of the
erack opening at the end regions of the crack.
i 2 :
2, [l (41)
P"-—‘- r(b/rl = 4(5)(1 .
In the establishment of linear-elastic relationships fror fundamentsl conceﬁts

it is npecessary to regerd straing as infinitesimal in comparison to unity.

This means that o/E can be regarded ms infinitesizal,and that p 15 a seeond

ordsr infinitesimal in comparison to the half-length, a, of the crack.

T T T R T R AT TR
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Loading Edge Stress Eouations

In order to exemire the stresses ﬁery close to the right leading edge of the
(E-(,‘“: )2-?))

crack discussed abovt,\put & =4a+ gz, and consider a small region withim which

[5. | 15 as small as we please in comparison to the hélf-length, a, of the
CIacH. |
Thus gz ==a+3 = a ' | . {¥2)
p-e = 31 o . (43)
3+a=2a+g ¥ 28 o - (L4}

Substituting these into equation (27),

O <l N o {ra

£ T TEesn @

The reason for inserting “rﬁr above and below the division line of equation (ks)
{11 he expleained at a leter point., Examiratinn of emwtion {L5) indicates that

the stress field near the crack tip can be derived directly from the stress

function . .
K .
L = === (46)
. . : Q,e 5 ‘
where [ = CT‘~{n*éL - ‘Dropping the subseript from 3 is simply equivélent
to shifting the origin of the x, y coordinates to the crack tip.

Differentiating equation (L6)
— e 3/2‘
L= 2w g7
PR TR

— K ——— CoS %@ — L‘v LVF-]_ '?a—-é (‘7(“ 5,) .
2N mr

{0
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From equation (48) end y = r 8in @ ,

| o K 5w d son 38
J Im £ = P z
Y2 atm <
— K Séh.g COSE Sz’hzfz,é‘ (‘f‘;)

Nare  F 7

From equation (46)

, K
R@ Z..- = m
~— | K COS% (:0)

o = r:’—<—~ wsé}{]”sin% Sin 22 (52)

Referring sgain to equation (48),

| i K
T - _ 3 RE_’Z = N sin 8 cos 8 cys 28 (53)
- Nanr ~ < ~

In the limit of a close enoygh approach to the crack tip, equations (51},

(52), erd (53) furnish a stress pattern which is characteristic for the leading ‘

zdge of any opening mode or tensile crack. The term, opening mode, means that

the stresses 'Z—xy and Z-yz are zero on £ = 0 directly ahead of the erack tip.

In order to sesict exzminetion of this pattern, it is helpful to have the equations

3

-
|
|
5
.
£



for the principzl stresses, 0], and CZE . These can be obtained using the

ralntions,
Oy +0; (O -0\ R 2 (sk)
Lo = g T y=Ux Z (5
LT T T (=2=) + Cxy
o = Gt% V(OB‘”OHXJE’ 7 < (55 y
g_ Z N T T * é
Using equations {51) énd (s2), ‘
K | . (56)
O, = 7= cos8 (14 5, &
Y NewE 2 ( nz) |
| ' o S (5T)
ﬁ— — --5_—_.__: tos % (I-—— SL“%) .
&2 Aew | | |
From the above pair ofequaticns, the maximum shesar str&ss,f;; s is given by
- = 979% _ K sie (58)
ne R’ {anrr 2 ‘

If a plate of photo-elastic sensitive material containing 2 crack is sub-
Jected to tension normal to {the crack, s simple errangement of lighting and

light polarizing elements permits examination of lines in the rlate mlong which

7:}4 has a constant value. These ere termed isochromatie lines. Using
squation (58), one can readily firnd that, close to the crack tip, these lines

resemble closed ovalolds es shown in Figure 2.
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A study of equation (56) discloses that the largest tenslle stress at any
fixed distance, r, from the crack tip oceurs vhen & = + /3 (O = + 60°).
The commonly observed mechanism of progressive crack extension consists in the
cpening and subsequent jolning of edvance separations. In the structural metals,
the advance séparationsAlie close té the crack tip enclosed in & reglon where the
stress-straln reletions are non-linear. However, if we ignore this complexity
end consider only the expected influence of the linear-elastic stress pattern on
textuwre and trajectory of & crack, several observations of interest cen be noted.
The tendenéy of the stress pattern to encourage development of adygncé origins
vhich lie above or below the x~axis 1s in appropriate.corre3pondence to the rovgh

texture commonly observed in flat-tensile fracturing of structwal metals.

Szcondly, if the Jo;ning procegs moves the crack tip region ﬂpward, the influence

of this event on the stress pattern favors a downward movement of the next segment

of frecturing. Thus the average trajectory of the ereck is expected to remsin

" normal to the greatest tension.

It is of specisl interest that all three stresses (CTQ C;' xy) close to the

- erack tip are proportiomal to the yalue of K. - In-the cape of the central crack

éorresponding to the function 2(z} glver by equation (26), K was équal to Odma.

For other opéniﬁg rofe crack problems 1t will be found thst equation (b6) continues

%o provide the streés pattern close to the crack tip. The relationship cne vould

use to compute the stress intensity factor, K, depernds, of course, on the nature

of the crack problem under considération. . _ k 7 _ -
The stress fields corresponding o the two functions, Z(z), given by equa-

tions (26) and (#6) have now been discussed. Consider next a centrel ecrack opened

by forces applied et thé crack line as shown in Figure (3).
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Figure 3
In order to "guess” the function 2(2) which provides the stress field it
is helpmi to examine the Z function suggested by Westergearad (1939) as
representipg a linc;"%orce acting at the origin of the X, y coordinates :--

upvard agains’c. the lower boundary of s semi-infinite plate.

Z - 653 = -*——E;(SMQ ~}.¢. <o @} (59)

2: -;E—.203a7:f-_}<)0jf+59)' (60)

From equation (59), ReZ = O both on & = 0O and on & = (T". Thus the x-exis

is a free boundary. In order to verify the presence of the force, P, consider the

downward force exerted by the stress field across & line around the force locat_. .

a5 shown in Flgure k.

3, |4
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Flgure

L

-0y ) (-dx)
(;3)(J.3)

The direction of integration along the arbitrary line is counter-clockwise. The

line can be regarded as composed of segments

" The stress f1eld must exert a downward force

8=

| P_‘-:_ %(6’ d x —

dy and dx as shown in the figure.

given by

a’j)

}[ ‘ax)d)“*‘i )j]

544 2E)

From equation (63)

[ReZ+j

However, from equation (60), ReZ is PE%/H—.

equation (59) is correct.

=T

Ih\ Zj

f!l

O

Thus the form of Z given

145

(61)

(¢62)

- {€3)

(64) L




With regard to the forceé on the crack line shown in Figure 3, the force
location is emsily shifted to X = b by substitution of (3~b) for 5 in
equation (59). Witk this in mird and recognizing that inversze square-root -
singularitles should be present at the crack tip locations, we can try the 2

value given by

P {af_ 5=

e 7(65)
m (5—- b) \13‘— ;12

£

: .
In the close vicinity of y = G, x = b, (3 Lo "33"_{3 e?“é‘! te

Thus
| P

Furthermore & careful examination of ReZ sbove and below y = 0, x=b
using‘the vector notetion form of equation (€5) shows compressive stresses,
corresponding to application of a downward force P against the lower surface
of the crack as well as to upward action of & force P agalast the upper surfdce
of thé crack. From the nature of equation (65} there are no loads st infinity.
Thug the stress type boundary conditions of the problém are satisfied. In order
to examine the stress pattern near the crack tip at i = g, substitute 1n£o equas-
tion (65) the relations-

e ~b

5‘“ b =
z2ta X 2a
3-8 = 3

The result can be written in the Tollowing way:

~ P \{ A+ b :
- Nma la-PF Nem3

(67)

3. /e
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Equation (67) has the seme form as eguation (45). Thus the crack tip stress

P

petitern can be deriveéés before starting with equation {46) and using the K

I \leler ' (68)
K“‘\ﬁ Q- bk T

Kote that P has the dimensions of force per unit of plate thickness. Thus, s8s

value given by

before, the dimensions of the stfess intengity factor K eare ithose of stress
times the square-root of a length.

Suppose next that the 1ogds are applied remotely-from the central crack,
in e syﬁmetricai pattern so ihat “Cky = 0Oony=0but aiso so that -CT} ony =0
would not.be uniform even 1n the absence of the crack. Imagine first that the
stress field problem is sol%ed considerling no crack ﬁreaént so that (T;_on y=0
is & known funchbion of x. We can now take the viev that the central crack 1s

present but is held closed by normal tensions,.ﬁﬁé dx, on the crack surfeces

given by the known function, ¢ = C;;(x). In order to ea:ablish free surface

A
conditions along the crack line we can 2dd to the eXigting stress field the siress

Field derilved from .
| Z(é) - ,..l______ J(m__w ONED ;fx (69}

e = 7
m Z_ a3~ - X
W3-y @

In equation (69), equation (65) is employed (with P = 0;.dx) in order %o
cancel the normal tenéions, C;; ax, alohg the crack lineby application of equal
regnitude pressures. Since the stresses introduced by the stress field corresfoﬁd-
ing to equation (69) are zero remote from the crack, the addition of this stress

field requlres rio alteration of the initlal loads which were assumed to be

W)

L7
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remotely applied. The =dditivity of linear-elastic stress fieldsimplies
additivity of the K valueé. Fo contribution to K 1is made by tbe initiel

stress fleld calculated igmoring the crack because this stress field has no

eingularities at the crack tips. The totel X velue therefore must be given

by the integral of eguaticn (68) with P = CT;(b) db. N
B J.szj_é,o- Yd b (70)
K T Nwra a-p 3@)‘“3 ‘

&

Equation (70) gives the K value for the stress pattern near ¥y = 0, x = 8., For
the region near the crack tip at y = 0, x = -&, the fr&étion inside the radical -
gign in equation {70) must be inverted.

Since tha stress pattern derived from Z = K/\r§7?§~ is charaqteristic for
the erack pip'region of an& opening mode cfack, and if ve assume the non—linear-

zone containing the fracturing process is relatively small, it is clear that

" gimiler crack extension behaviore should be observed when the K wvaluss are

Qimilar, assuming no change in the material; loading speed, ‘temperstire, or plate -
thickﬁess. Thus the value of K serves 85 & cﬁa:acterization of the ﬁendency of
the loeding forces to cause forvard motion of-the fracturing process. It con be
noted that this charmcterization mey be incomplete since uniform stress fields

paraliel to x and toc z can be added without changing the value of K. How-

~ever, the available experimentel evidence bas not so far disclosed & significent

affect of such added stress fields upon the control of the fracturing process by"
the K value. Using egquation (51), the stress intensity factor X can be

defined ss follows:

K= Limt (ﬁ”ﬂ L’L:r\") - {T1)

Be r>0 on & =06

3. 18




where () is regarded as & Fumction of r and r designates the distance from
¥

the erack tip af a point directly_ahead on the line of expected crack exteasion.

, A7
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The Proportionality of K? to ﬁé?

| The preceding discussion sssumed that the material 1s elastic. Within
8n elastic material a stress field change due to arack extension may cause
transfer of stress field energy from one element to adjacent elements. Loss
or disappesrance of stresé field energy cannot ceour uithin_the material
fself. On the other kand, because of the siress singularity st the creck
tip, the mathematical point-locus of the crack tip acts &5 an erergy. "sink".
Ftom the nature of the assumed analysis model, the energyAdisappeérance

assoclated with crack extension occurs exactly at the tip (or leading edge)

~of the crack. From these facts, a study of the rate of emergy loss with crack

extension in terms of stresses and displacements can be done using the stress
and digplacement equationé vhich apply only in the close vicinity of-the crack
tip. Cor;espondingly the stresses 1n this reglon can be derived from the
Westergaafd Btréaslfunction of equation (k6); , :
2=k o (1)

Integrating equation (46) : _v__ o : o
zZ= Ko ()

The rate of disaépearance of siress field energy per wnit of new meparationel
area, /g?, cen be celculsted using the stress, a& given by equation (46) and
the crack opening @lsplacements, T, derived from equation (72). The plan of
this-calculatiqn is to computethe work done inlclosing-a very émall segnent, o,
of the crack opening adjacent to the crack tip. The upper half of the crack

tip reglon before and after this closure action is shown in Figure 5.
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From Equations (36) and (72) the value of Mony=0. 8= w before

closwre is given by - ot : o S
EN=2MZ = 2K /o , ' (73)

After closure, the tepsile foree per unit thickness, cyd.r, acting at the
_pcsition, ry is given By |

| cér = —Bdr ' R (k)

v -V en{a~r) '

Egquation (711;) assumes the closurg éégmnt is t_,oo'gmall to alter the v#lue of K.
In addition the stress relationship must be based upon the distance from the
erack tip after closure. Thit; distance is {o-r). We assume each strip of
width, dr, 1s clossd simultaneously by the applicatioﬁ of tensile forc.es.pr'o-
portional to those given by equation (7h). Then from physical reasoning each
closure foree changes from zero to crydr in direct proportion to ‘Ehe closure
displacement. Thus the closure work within each strip is %T}cydr Eowevei',
closure from below as well as above must be coumted. Thus the total closure

work per unit thickness, which is o ,(?, is given Ly




d | | )
.1) Ti»:a‘ydr (75

& .
» ?}.,‘__2 j ar L. ’
e : L o-r
. [s] )

Putting r = o singu aésists eveluation of the integral. One finds

o = o /B - (76)

o« 4 =

The conclusion is that R? = Bﬂé?. On page 10 of these notes a fector, ¥ 7, was
inserted into equations (45) and (16) with the promise of subsequent explana-
tion. Neglecting certain historical aspects which are of minor interest here,
the primary reason was the simplicity of the proportiomelity factor between
.K? end Aé’. |

The validity of the above derivation, based upon the work éone éuring
closure of & éﬁall‘segment at the crack tip, mlight be questioned becouse the
region of closure appesrs to be Just the region of large stralpns and lerge
| rotations within which the methods of linear-elastic analysis should be exeluded
&8 not epplicable. In answer to questions of this mature, it was noteﬁ pre=
viously.that a formal calculation of the crack tip root radius, p, shows this
length factor to be & second order infinf{esimal relative to the:cﬁackfsize..lﬁhué
the region of 1arge strains and large rotafions, which is compaiabie in size
to p, can be excluded as negligible in compafison to the size of o '

As anvexample of the equation, K = E,Z%, i1t was shown that K = ojyag.for_ i
" a centfal crack of length, 22, with & normal tenéile stress, 6, applied remote
ffom the crack. This is the crack problem which was employed by Griffith in

his 1920 theory of fracture strength and the value of xgris knovn to be given by

/gfu e | (17)

E

1
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Toaws it is clear that EQ = E Z% for thip particulsr problem. Because of
the similarity of the siress-strain pattern near the erack tip for &ny
opening mode crack; one would expect the proportionality factor between K2
and _,5; would be the same for any opening mode ecrack. The previously
diacusscd_calculstion of cragk closwure vork prévided a proof of this expecta-
tion in analysis form.

It shoﬁld be noted that equations (36)rand (73) assured plane-stress.
If we hod assumed plane-strain, the value‘of E in equation (73) would have
‘been replaced by-E/(l-vg). Thus the proportioﬁality‘of K?-to_xy for opening

L

node cracks 1s given by . S
S T | o (78)

vhere E, =& (plane~stress) '

and - By = E/{1-v2) | (plrne-strein), |
Although Mode II and Mode IIT erack probiema are of secondary inﬁerest-here,

_ o 7,
as & matter of completeness 1t nay be noted that KiI = B, 49}1 and KQIII = 2”'*§III'

, ;




rack Stress Flelds Obtained by Addition and Integration

In this diecussion reference will be made to prtlons of & sat of lecture
notes erntitlag "Supplementery Crack 8iress Field Apalysis Kotes®™. For cone
venlence thece sqpplemenﬁafy noves Qill be termed reference A. Conaider e

firgt the Westergeard stress functions, 35 and ;6 of’refﬁre;ce Ajfmirﬁm the {
figues accompanying these functions one wuld expect that 2% couid be
obtalned from Z by the edditlon o
25(5, a, b) + 25(5, 8, ~b) = Z¢(z, a, b) {12)
Binilarly one woula ex?ect to find that
Z5(5s 25 B) + (3, 5, -b) = Z(3, a, b) ()
Verificntion orf equztion (72} is relatively simple using the equation
Lo L. 23 - ™)
5~b %*b 32'112 |
Verification of equation (73) only requires recollection of the Tact that
arctan (£} = « aretan (of) {75)

Cdnsi&er next the problem of & central crack opened by & wniform preo-

sure, o, aéting azainet the wpper and lover surfaces of the crack., From

the notwre of this problem, a plausible "Zuess" of the appropriate Westergzard

streass function ig

Z= -———-—"—-—v~—-—--- -0 | o (75)

'I_-:?
8]
:‘3
b
&
‘:)
G
3]
i
{-
o]
%
Q
Hy
0
9
15
o
e
e
Fo
-1
Lo4}
L

ﬁ,,o,g%?_ae. - qz - : (77}

the sirenzes end dlsplacements Serived from theze funchlons

=y

Exemination o

shovs thed thoy do, in <eel, provide correct stresses andi displacements for

The above steted problem. Furthernore, since +he constent term, -¢, in Y
eguation (78) saas noining o the X value, K is equsl %o o™i+ 6. One can
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0ls0 observe thst the term, ~6%s in equation {77) adds nothing to the mpening

displacements along the crack line. Thus both the K value end the elliptical

opening sbape of the crack ere the Bame as would be found for a centrael crack
of length, 2a, in the pressnce of a remcte stress ficl& given by r =0 = O
From exeminstion of the real part of function 26 of referenes A et g
locatlon, y = 0, x = a + r (vhere r<< &), the corresponding value of K is
given by ‘
Ke

:‘li%

R S mw
As a matter of consistency, it 1s eclear that integration of equetion (78)
fremb=0%0 b = a  using P = o db should give X = n*!" The identity:
Uq o= gq_t S' - . (79)
ae-be ; o

is easlly eatablisned by noving thau
a

B \r——?‘“’ -7 @
o - a2ap® 2 _ -

Equatlon {76) cen ve derived oy means of a similar integration method appliad

to the function Zé of refercnce A. Hovever, prover treatment of the corplexities.

_ involved in completing this tosk seens inspproprinte relative to the ennlysls

level of thls discussion.

Congideration will.nov be given to a creck prdblem in vhich tﬁe siress
field local to the lecding cdse of the crack is modified £o as to remove the.
stressrsingularity at the crock tip. The besgie idea employed here was suggested
by Barenblatt in 1959 end by Dugdale in 1960. Asawmme Pirst thet the stresses
near the lending edge of an onening mode crack can be derived from equallon (hG)

or from Z, of referenca A

3.25




4 = X/ & | - (46)
Using 27; of reference A va can superinmpose uniform closure forces 3
Pa ~0y db, on the crack surfoces elong a segront of length, b,; adjacent to
. the crack tip. 'his can be done using an imtegration of 2, (of reference A)

frombnOtobnbo. IizeresultisumstreaafnwthQ,ZB (of reference 4)

vhere bo . ' .
Cyddb b .
2w B — ¥ (81}
1277% OS 11‘(% +b) ﬂ L :

If we assume oy is fixed from physical considerations, the firal step consists
in the adjustment of the sizeof b, 80 that the crmek 4ip yegion has no sivesa
slngularity. Integretion of equation (81) is asslsted by Bu.bstituting 5 B;Lneu
far the variable, b. Taus '

| db .= Eg,sinucosudu

_QE_ .{_12 - 25111%120811&1!
& 1+ piny

=0
=2 cosudye 2 cos u du
1 + sinZu
b o .
e db \,rr;- Wb r"t_)-o
i 27 2N e . ctan ¥ =2
,:' + b ! . : B 2 ar .; %
[+ i ’ g P - .
Using the above results
Zy = K - \JEQ . 2y arctan ? ~2 L {82)
From equ;;tion (82) it 1is evidext ‘fchat if ve choose b 50 thed
20y [——— '
K= XL ~N 21‘!1)0 (83)

w
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fhen the terms inversely proportional to Yig'caucel and
2 b ’
Z, = _-21 arctan ﬂ it : (&4)
" 4

| With regard to the opening displacements near the craek tip, en eguatioh

for thgsé can Le dérived from study of Im Z, vhere'ﬁé i1z 28 glven 1n

reference A. This requires finding the imsgloary part ofe éoﬁplcz variable

function of the fam |
arctan £ @ A(x,y) + 4 By} o - (e5)

For those who wish o eemine this ﬁatail, o can wite

. b )
tan £ = -2 = tan (A + iB} | R (85)
% - N
Tac real cnd Imeginery parts of tan (A + iB) can be found. Comparisons betueen

‘4he real and iraginsry terms of equation (85) then result in & value for B

as & function of distence, r, from the crack tip along © = vf This disgussion

will ekip these analysis details. The final expression for the orack line

displacements, T, is, however, of interess and turns out 40 be as follows:
gp 2 W » :

Tor Y% bo
Ef= ---- {\‘b T - (b -r) arctanf‘!\} } - {87)

0n yu0, §u0, 0 = (20,/m) arctan ( Vo /e).

Thus Iy aprroeches the value CI as r apprcacheé zero. Further sbudy

{again involving some analycls complexnities) shows that ¢ =Re %, =g, on § = v
¥

Y

whenr 1 4o leszs than bo, sné thot ReZ; = D on © = wwhen = 3Iis greater than

W

EO. Pxaminetlon of couction (51}':how
to'apbrcach Zerg, &8s 1 =nrrssches =ere, In sucsh £ wonner tﬁat the slope of
the crack opening (én/ar} 15 zovo at v = 0. This behavior is in com rast
the 1oTinite value of a7/3x {ct © = 0) tvhen the stress singulerity is not

remaved and che creel Lio ©

2hnt the aeoumed elooure forces cause 1)




The yemovzl of thecrack tip singularity and modlficatlon of the erack
opening eshape provided by thg‘stress function, 2y, vere of interest to
© Barenblatt and ﬁo Duzdnlc for gdifferent reasons. Barendlatt was concernzd
with cleavage of moterisls possessing well defined cleavage planes and thoughd
poie reriecentaticn of bonding forces should be provided near the crack tip
wiiere the smpll separovion of the crack surfoces might be expechted to Induce
bonding forces. Dugliale thought of ths reglon of Isngeh Pb, vhere c& = ur,
as an approximate reprecentation of the fnflverncs of plastic yielding directly
ghead of the crack. Thus c{ was regarded as e tenslle yielﬂ point properdy
of the plate meterizl 2nd the end point of the actml crachk opening szparabtion
vas coﬁsidqred to‘ﬁ§§t X = - bo' The openinz seperations given by equation (87}
ih the region frem x = - bo to 2 = U were regarded as representing varioqs
gegrees of locolized plestic streotch of the plate. Although such a wodel of
the plostic zone at the leading edge of en actusl crack is considersbly over
slmplified, the Dugdole or "strip" model of the plastic has pwoved to be uéefa
pexrtvlculexly for pwypozes of ecectimating the opening sireteh of The craeck atb
the position where the a2ctual crack end the creck tip plastie zone iubersect.
This agpect ﬂill.be given 2dditicnal discussicn at a later point. |

The dmplications sgggcsted by the streés field corresponding to equatlion
(8&), vhich are of basic importance to. K walue characterization of cracks,
ere ns folloud. OCOne cen obzerve that the closuré forees intrcduced near the
crack Uip vre o systen of self-belanced forces localized along a reglon of
lenzih, bo. At dlstozess Twon the oarack v;ich cre lerge in comperison to bO;
tliese clonurez forces hove 1itule influenca on tﬁe gengral streess petiern,; end

{

-

the atresses can be derived approsimately fron equation k5). It is slso

appicenrt that the ivfluences of plostie or non-linear stroine near the crach

3. 28




" B BF BF BF

3

[

-

- - :
.

tip might be represented by a vide varlety of amalysis wolel cholces. The

dezirability of the various pleusible models vould changewith the ratlo of

. plastic zone size to plate thickress 28 well &s with the neture of the plate

mteriai. Hovever, 21l sveh cholces vould have & common characterlstics

each could be pletured in terms of a local systgm of self-balancing (o
residuall) stresses which would comtribute very Little 4o the siresses sure
rounding and vwell removed from the crack tip plastic zone. Considerling these
facts gnd the desirablility of performing the chaxacierization In o manesy
which 1 o8 noarly unpresumpbive as pessible, we will take the view tbat
characterization of the stresses which control erack eriepsion In terms of

8 K wvelus is m=st appropriste for practical epplications vwhenever the plastic
or non=linear strains are confined to a wreglon which is smmll in comparison
to t.hc ¢reck size and gcﬁfﬁst seection of the comonezﬁ:' containing the craci.

In this wey we no{: only avoid presumptive sssumptions pertaining to the reglon

of plastic or non-linear strains adjacent to the crack $ip but also mainmtain

e maximu degree cf analysis simplicity.




The Sirip end rY ¥odels of the Plastie Zone

Solutlons for certain creck problems in which the plastic zone of ¢he ¢orack
is represented by & "strip” plactic zope elong the lines suggested by Dugdele
(1960) ere given by stress functions '23, Z?" and Zlo of reference A, Return-

ing to the simplest of these problems, the semi-infinite crack with a strip

plastic zoue, the stress ¢ was given by o = QY for 8 =1, 2 & bo and by
y ¥y ,
' 2¢ , :
o = — ercten g}l bo (83) .
y 7T . T ) o
for 6 = 0. The value of arctan ;/ b /r approsches bo/z' vhen r is large
- eonpared to bo' Using eguation (83), it is seeu that, for r >,>bw'the o --:;5

value of Oy is neayly given by K/ VE'rzr The velus of r/bo et wbich eguetion

(88) car e nearly represented by an equation of the form

v = k. | (89)

can be substantially reducsd by teking the measuremerd point for r o be =z

small distonece ahezd ofihe visi;a‘!. rosition of the crack tip. Suppose, for

‘example, thet we compsre the ctresces derived from eaquetion e
: 5 - r—— ”"l""’_M - ;
z:% _ arctan\;-—-‘& (8%)

¥

with those derlved fram

=

&= (50)

Oyt

;E; 1
vhere the ccordlnate origin for ﬁl is placed af the position y = O,

X = - .§- bo. Along the positive branch of the x axis, if we ipssrt the

-
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',;fielq_to the stress ficla corresponding to 2

knowledp: of Ghe strip model of the nlasiic zone.

of the plactic zone end was raged upon

Spprox.mation
b b b
aretanj/—2 = J/-0 (; - 1 -52) (91)
T ' r 3 r
vwe fing
= erh b .
o = ......'}f_._. L-—— le "'1' "'32"') (92)

Using equation (90) end the epproximation

, A - | '
_En(r+-§ bo)jz - V—;%l—-(- z Eg—)  (93)

[Y

W g

b .
c = K (j - —f}{) : (9h)
y._ Verr _ =T ,
Comerison of squations (92) and (94) sugsests that, if the ¢ siresses

exre derlved from equation {30}, spproxirmate agretment with thb streases

derﬁvzd frow equation {84) will be found st emaller values of. r/b than would

%l' he.
sawe losetlon for the origin of the vector, 3 s 18 indicated also by a

be true for cther loecations of the coordinate orlgin of the ve 2etor,

comparison of first approximations ts the hhlfacp ning of the crack, T Thua.

it can he seen thet an iwprovenent of the it of the linear-clsstic strass

can be cbiained by assuning

the pcs:tioﬁ af ﬁhc erack Lip, for cralysis Purpeses,is novaa forwvard into the

p]uotie zone by the amount _ | :
....._9 = EE—(--—-) : _ {95)

A etmil&r eh1fs of the crack tip for analysis purposes was introduged

during $1e period 1957-1960 (Wells, 1957; Irwin, 1550) findependently of any

This 15 termed the Ty model

the following elementary considerationss.

3, 31
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Figure 6

Assume the ereck tip (foramalysis) is moved forwars from.the visual
leading elge a8 ghown in Firure 6 and thet the dis*ance from this new crack
tip loca'i:lon to the position on the =x exiz vhere U}” B ﬁi‘( 48 termes ry.

From the eguation _
o, —K - 4 o (98)

the value of Ty iz glven by

L (5 e

In order %o dﬁtﬂ*niﬂé the velue of the Fforward adjustment of the crack %ip
locetion relat.we to the 1&..1&1313 edge of the crack, SR foice balance
equation can be used. Ve assune the forece merogs +he x-»axi:s elong the lenghk
interval (x Ty ) 13 r:ry = Cy. Bowover, the emount of force, %0y (rectenzie &
in Figuse §), has been lost due %o forvazd motion of the crack tip. In come
pensatim the linear~clastic Tepresentation provides the extra force across
the intarval, Tys Tepreesented by area B of Figure 6. Clea:c-l;;rAarea 4 and area B

should e matched. Thus ihe fores balance egquation is

. Ty
.xcr--jh cryd‘r-rYUY' | {98)




- dcfining ecuvstion for v

Uoing equation {96), the integrul in equution (98) is given by

r o
J"* Yﬁeydr = .i.;;f.?.rrl, (99)
o : ’

113

Ycr « ‘Thus xl = rI.

Comparlson of equations (95) and (97) shows that both of these plasticity

Using equation (97) the pbove result is equal to 2r

edjustments are proportionsl to (K/czy)2 and that the proportionality
factors differ by less than 20 percent. In the case of a third mcdel of 4he
plnstic zore, the Hode IIi elasticw{peri’aactly.) plagtic model (not' diacusaai.
here}, ';,h&j plasticity adjustment fachor suggested by enalysis of a semle
infinite orack is the szme as eguation {97). From customary yractice, the
y 18 essumed to be cquation (97). |

" EBguation (97) contains an adjustadble fector, Iy It is gencrally
zjecognizcd that, wherethe spalysis of a crack prcbiam iz assisted by ;e-e of
an r, plaslleity adjustaent, the use of exgineering judguest in seleetlon
of an aphrcoriate value for O.'!_ ie permissible. In the case of a crack in &
plote ‘such that the ‘nomiml plestic zone, &‘I, ip comparable to r:»l lzrger thon
the ﬁlata talckness, s frequent cholece for 61' iz the uvnl-axlel tenslle yield |
point, Oga* However, In the case of materials which work harden rapldly xai‘ah
plestie gtraln, e larger v:ilue, gay the average between O'YS andthe ultimate
teunsile atr:ng’ch,'is gometimes uﬂe_a..- Yhen EI'Y is smell compered to the plé.‘ce
thickness, 71' ie clevated substantially and the choices For Ty -
used range Trom [}? Oy to 2.1 Oyg The resuliing valugs of ry are then
reletively wmall and have litile effect on the K +value compuliobion. .

which have boen

Whe un:ertaintlies of rx rel=ted to cholcez of CX‘ caxu be greatly reduced in
the cooe ol fracture toughrese evaluationsz by use of o testlug practice in
ublch thz M ffective” erack cize 15 compubed from the ratio of & measured dipe

plecencas o the load. A discussion of this method is given n% o dsher poinbs
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.. A mederate ex‘tensi’oﬁ..of‘ the range of ﬁpplica'bility 6" Ehe characteriga~
tion factors .8’ a.nd K uo‘ulc‘l be expected through use of a';ﬁlasticii:y
adjustment of the crack size ms discussed above., The extension of the range
of anplicability suggested by ectwal experimental results 1s, however, zmzch ,
larger than would be .anuicipated even from en optimistic estimate of the _
expected "woderate axtension™, The reason for this can be understood through
exemiration of plasticity type characterizations, such as the crack opening
stretch 2ad the Jeintegral, which provide charactexrizations dirac‘tl_y
app‘licable t0 the fracture process zone at the leading edge of the erack.
These toples will be discussed in later porticns of the lecture notes.

Thres Dimensional, Crack Froblems

Complete stress field solutioné sre availasble only for a fev three
dimensional problems., The principal examples are: a flat clveular erack
subjected to & remote tensile stress normal to the erack {Sneddon, -191.(5'
Sack, 1943}, end & flaz e]_'t‘.ip ical ereck with a remote tensile siress norral
to the cruek _(Green_ana Sneddon, 1950). The first of these two probless can
be regirded as a special caéé of the secon&.' TJ:;ese lirear-eingtic analysis
studles ghoved that 'i:hé opencd shape of ¢he crack was el?.iﬁsoidal. TaIr.”:‘.g
the x,:,r,z coordinate crigin ot the conter of the flai el..i.ptical crack,
placmg tl.e end points of the ma Jor and mnor axzes of the eleoic‘,,l eragk g
Zotcecmdx=+4a respectively, and using the symbol T for the yedivestion
erack opaning &ieplaccmerﬁ;; ihe elidpsoiq representing the openéc’i crack jg

given by 1The equntion

B-ae- w

The maudmm ceparation of theerack ouwrfaces would cceur at the coovdinatc

3, 3%




origir and 1s equal to 21‘6. Vhen ¢ = a, the exrack shape is flat cireulsr

and ecustion {1) cen be written zs

@ if - o
vhere RE = %2 + 72, Both £rom physical reasoning and from the crack
border stress equations glven by fneddon (19%5), ong can see that the leading
edge ciress cquations correspond to a at“esa state of plans-gtrain in the
limit of 2 closze enoush approach to the leading edge of the erack.

- 1t 13 an interesiing fact.that valid expressions for ,g?and K can
be dérivel for the flat ci£cular and flat elliptical crack problamé simply
from kaovledge of the ellipsoidal opening shepe, as-represenied by eguations
(100 ena 301}, and from knovleﬁge that the crack border stress equations
corresyonl loeally Lo & state of plere=sirain. This-will be demonstreted
only for vhe flat cirgular crack. |

Writhg equation {101} in this form
11-=3be e%R? O (02)
and ouHsbih tvn& R=a-=~r where. r << &, provides ﬁﬁé equatioﬁ

.TI=%F3=4-V__V - (103)
Thic caumd ioa can he compered to the known exprassion for T pear the leading

edge o7 an upcning mode crack {plane-strzin) vhich is
_ 3 , D o :
BT = g;  onr . (10%)

Evidently K has the vnlus

o | - (105)

2Vm

B =
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Thus

(105)

' 2 .2
; i B
o1
K = El/gf :

In order to find the value of ‘n_o » note that the work necessary to close the

erack, ¢/2 times the erack vdlume, is given by
o i -
W= 5 . 3 ™ .n a (107J

Assuming fl1ed conditions of remote gtress, the tobal stress field energy
with the crrck present is (UD+W) vhere UO is 8 fixed value representing the-
stress {lell energy prior to ;.ﬁ'troduction of the er_ack. From previcus studies
the veluc of ,& can be obtetned as the fixed load (fized o) derivative of
(UO-I-W) vith rezpect to an irerement of new separaticnal erea. Asswﬁe e small
expinsio:. of the crack radius, 2, so that the new separational area ls

onade. In tae Gifferenmtintion of ¥ to obtain & , 1% is necessary to beax

in mind thet, from similitude, T}O mist be proportional to a. This weans that

a 1 ’
) da . . :
Thus /g is glven by ‘ .
' P ! 2) 3 '
] z7 - 4+ = = .
. Sta (& & 2“32 ~,
o fean SRR S (209)

Corpexrisol v th equetion (105) shous that

f1 T}i E ' o
1 ,
™ = o, ‘ {110)
Thua ' :
7= tos (111)
o T El '
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The equrticns for /ﬁand K can now be stated as
‘ & - hofs_ - (112)
| =y |
sad K = %-— o= - {13)

In the cose of the flat ellipticnl crack end in terms of the equation

for an ellisse in its mont femilier form, the value of % and z on the erack

_ . ,.2 . | | .
_ (i.i.) +[_§) = i . {11h)
It vas ctat:d thes ¢ wes th‘e ma jor semir—axis. Thus ¢ 5 o -A relatione
obip betvezi x and = equivelenmt to equation (11}%) 15

l x= a pin tp " |
| | (115)
2= ¢ ¢o5 @ -
Although the values of m atv positions 'Isuch €t z=gX =8, and z = - ¢ are
evidently 0, w/2, and 7, it should be ;noi:ea thed @ 15 a parametric sngle énﬁ
does not covrespond to a simple angle in the plene of the crack except at the
end polnis of the major ond winer axae. |
 The mfi.v:es of j’ apd K< vary around the border of the flab ellipiicel
crack ip the ceme manner as the rool radius of the erack opening. 7 Tnf_s:ir
lergest nnd smallest values ccowr therefore st the end peints of 'bhé ninor apd
mejor axes 1espectively,  The cguetions for 49 and K° can be a‘érived ins
nanner e'miiar to thatused for the Dlat cireular arock. Hc:?:ever,‘ the small
irwerd longih factor, Ty muehe oriented normal to the crack border and this
complezi: ¥ lensthens the analybical werk. Oaly the end resuld will be given

herea,

B, M=k Fra \J1 42 R P | _ (116)
1 = 2
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In equeiton (116), Ek is the coplete elliptic integral defined by
| /2
- B = '{S\ V1 ek® cos®u au (117)
S _

a2y | (116)

and El’ ile glven 1%s plane~-strain value, E/(lnve)-

Poir 8 = ¢, Ek is 1/2, and equation {116) gives the same resulés as
equatiors (112)end (113). In the 1imlt 88 ¢ spproaches infinity, Ek‘# 1
and «© = W/2. Thus 'K==CF7GE; 2s vas found for a central crack in an
infinitc pl%tg vith a remoie tensile stress, Gy acting normal %o the crack.
An equirelend physicel situntion corTesponding to plane=sirain would be formd
1n mid-taickress regions 62 8 plate containing a central crack with & length
dimensicn, 2r, vhich isemall in cormparison to the ﬁlata thickness.

For th2 fint cireular end £lat elliptical cracks alscussed above, the
stress gtat> ic three=dimensioral and correspends Yo plane-strain only as the
distance frm the craek border becomes very #mall (infinitesimal) relative ﬁq
the ¢ze: pize, The preéeding discussion assumed o = o andfT = T- =
rencte ibﬁn the crack. Addition of wnifcrm extensional stresses parsllel to

the plan: o the crack would nok alter equation (116).

v

il
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CRACK STRESS FIELD ANALYSIS NOTES
G. R. Irwin
Lehigh University

These notes presenf frequently used Westergaard type stress

functions. Often the purpose for use of this type of analysis is the

determination of the stress intemsity factor, K, or of.a displacement
near a crack. wﬁen the influence of plasticity is represented in terms
_of Ygtrip" yield zones, the analysis can be used to detérmine the value

of a crack opening stretch, §, adjacent to a "strip" plastic zone.

L

 Omly ﬁodg I applications are illustrated(

" With regard to function symbols

2'(x) = & 22, 22 = 5 2@

with regard to stresses

' c‘y=Re'z+y1mz'
.o_=ReZ-~- y Im 2'
x

7. ==y Re Z'

with regard to displacements, v and u, for the y and x directions,
- assuning plane-stress,

2ImZ-{lL+\)yRe?2

i

_-Ev.
Eu = .(1'- V) ReZ -~ (1 + Wy In z
Followiné the list of stress functions for two-dimensional problems,
equations aie glven pertaiﬁing to a flat-elliptical crack'suﬁjected to

tension normzal to the crack.

/-1




1. Semi-infinite crack on y = 0 fromx = 0 to x = -=,

— e e geaan e e wme ek W @ W A A TR W =

P

.

| K L K e
Zl(z) = @7 ,Z‘n'_' _%(:{zrrz.

2. Same as (1) with pair of spl:.tt:.ng forces of strength P (per unit-
thickness) acting at x = ~b. -

'

Zz(i,b‘) = -—-E- ——-ik:-'_/-’-z—-—-— , ZZ -_-; .'_2--8 arci'an{%‘

b |+ ®/b T

3, Same of (1) but with a "strip" yleld zone from x = -bo to x = 0.

g‘x

F=-

—— m— — w— e mu wme e

[HH{ ez

K= Qo =2

e

= b, =

P = C‘:{ c”-‘-'
2-3(2,bo) ~s,;;urz - jZ where {K _. RO-Narrb,
| "

Z 2‘]9""’ arc_'t_ahﬁ:c’ ’
Z = 25~ {\Ib = — bk arcta r + ah_f‘an\{—_ }
A [T- [ “

&7
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4. Central crack of length 2g in an infinite plate. Remote tensile stress
isg =0 = o,
¥ x

L X
i
e — a sl & —>

.Z( , - = 7 = ozl &
o i Exi) \l‘ _(azz)z J Z‘%- S
’ K = g \rr?&'

5. Same a&s (&) with a pair of splitting forces of’ strength P (per unit
thickness) at x = b. Remokte stresses are zero. ] .

oF
Iﬁl tri_.. S ——— S \\i:-“‘*“l | X
- — Iy !
| ¥ |
! ST -
e a > a —3

. _PEF
a.b) =
ZS(E_" 2 ) Te(z-b)Y |- (Br)

= P o tan{ 3222 am“"“i]
ZS‘ = = arci‘:m-{ a’—b"}'+ re | Z lb}

6. Same as (5) with an additional and équal pair of splltting forces at

H' x = = b,

Ii b:r:':‘fffr--- ———e e :
, r y——
H . 1 ':.s*b—)-[;éb —> ‘

e — a1 e A —
| 2 P YaTp
_ZG (2,2,b) = maTT- G
l/a
> = z2F f_%_.:.‘_}
n Z — Av—cféhtal_bl,

G ——-.
&3
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7. Central crack as in (&) having "strip” yield zones at each crack end from

=g to x= ¢ and from x = -g to X = ~c.

P—' O, db
O;‘ ,20'-.fan_56c(c‘/a_j

o o . y, 3
7 = 2% arctan A ZF
n T Tw [ - (%) " NS
. E c\ 2“ ' Ec. — !
Lo = _f?;r;f_,'v [z arctan {()"_3(%};} + 4 wcfan{( _}(&/c))z :(

-~

8. Periodic co~-iinear cracks of length 2g, the distance between crack

centers being W. Remote tensile stress of g = @ ,= -. All cracks
on y = 0. ’ L ¥ -
E N (:7: , AW/ = Sin %)ﬁ
. o ‘ N l—' sin EZ
‘ Co5 g
— - ol
Z - a W are cos -———-—-'fﬂ:';
2 = T . Co s gl
Va2

.K':.: D’{\/J i—&h%

7Y
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S. 8ame crack pattern as (8). Remote stresses zero. Pairs of splitting
forces of strength P (per unit thickness) symmetrically placed at
x~separations of £ b from the center of each crack.

2.

_ ,
7 (zﬁ A W) =P cos-’%’ {(S"in%)z-(sm%)z}
(ARG A

o2 - (2]

S5ih ==
Lzt - (2E)
L. = — &L actan cos O
9 oowm (caszvg z_
- | o ' Cos TE

10. Periodic co-linear cracks as in (8) but with "strip" yield zones of
length (c ~ g) at each crack end. : )

| C | e
L, (22,02 W) = L (z,¢,w) --J_Zqéi,c,b,w)

wihere ‘P= G—Y‘”’_

. 283 c :
0—- T— FY éli‘tsf— . SL11

(Sih U&f < | oS
| Sin ﬁ) i
—_— ro fan I A
' < ) l -(-an %)2'
. pr

Sin
<

s
AL

.' T C
(.St-h_%

O
I
\p&
~
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11.

12.

-G

Stress intensity factor for a two-dimensional crack of length, a,
at a free surface boundary. The remote stress normal to the crack
gnd parallel to the free boundary is o.

K=1.12 o/ng

Flat-Elliptical Crack

For a flat elliptical crack in an infinite solid subjected to uniform
normal pressure, o, on the crack surfaces, the Sneddon-Green stress
analysis solution assumes that the dlsplacements, u, v, w, in the x,
¥, Z directions satisfy the equations

v

u=s (1-2v) ax U y g xuay
\?=-2(1-V)'§H+y-ai—-v
. oy By2
| 2
wr (1- 2\,)—2-3 ygz §},

A ' —

where U and 3y 2T¢ both three~-dimensional potential functions. Values

of 0. and v can be derived from the following relatlons which complete
the formal solution of the problem. :

o1

8u _ cal y ‘I' ds b,
By IR J s [S(az + ) (2 + S)J 2

The boundary of the crack 1s given by

y=0
x =g sin @ =

z = ¢ cos @

Fixed values of ) correspond to closed e111p301da1 surfaces defined

by the equation
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As ) approaches zero the ellipsoidal surface tends to coincide with
the upper and lower surfaces of the flat-elliptical crack. The
maximum opening of the crack at its center is 2 Ty where

_20-VWea ~ |

n = H

Ek is the complete integral function

nf2 y
2
Ek = f[l - kz coszu] du’
. 0 -
and _ : '
) -2 .
¢

From examination of the crack opening near the boundary of the
crack, ' L : -

-

Kz = SL—%}J; [;infz g +-g§ coszé]

Sk | c

At @ = E, as k approaches unity, K approaéhes the known two-dimensional
answer, : . . - ‘

oJ/Jnao

As k approaches zero, the crack shape becomes flat-circular and K is
glven by ' ;

K‘%c‘/ﬁq .

in agreement with analyses by Sneddon and by Sack published in 1946.
Since K values are not altered by addition of a uniform stress field,
the K values noted above can-be regarded as correct for a pressure
of (o - 01} acting on the crack surfaces and a remote mormal stress,

Gy = Ul'

%3. Part~Through Cracks
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For a surface crack of depth, g, as shown, the value of X tending
to cause deepening of the crack is often estimated using the
equation

2 1.2 o> na

F_kz - 0.212¢(5—2

%s

The factor, 1.2, was introduced as an allowance for the free surface
influence. For F = 1, the second term in the denominator can be
derived from
' 2 1.2 62 g + r.)
RS = : Y _ .
_ Ekz _
and by assuming ¢ is elevated by the applicable degree of plane-

strein constraint to, 1.68 times the uni-axial tensile yield point,

%s*

The factor F is introduced as a correction for the influence of
& finite plate thickness, B. Although this subject has received
study, there is no generally accepted procedure for calculation of
¥, The writer prefers to follow the practice of P, C, Paris in
using

_2B, mg
F e tan 5 R

uniformly when the crack depth is larger than B/3. When

2 ¢
B < o >4 and o (

) > 1.5 Oy

-

methods of analysis should be considered which tzke account of yielding
across the net section. ' '
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Rumerleal Culeulstions of X Values

Consider first the proble:x of a through-the~thickness erack of length, a,
extending lnward noraxsl to the free edge of & large plate and subjected to &

remote tensile strees, -, normal to the erack. Tols problem is pictwred in

Figwe 1.
J
43-—#
Oy dx o7 dx
— Y _s’i* , X
TE T N2
) ﬁgx oy dx
Flgure 1

An appropriste numericel rethod for obtaining the K walue for the crack problea
iz one of successive epproximation. Since ‘the K value does not &epend vpon
whether o 1is 8pylied as a remote tensile stress or as & pressure in the ceack,
it is conve*z._ez:b to start with the latter v:ievpoint. The :E‘irst apmraximation

of K then beconas Kl =« oi™@a. In orger 0 obtain a second epmeaxiration,
the stress function

2=

Sproye LA “

is used to cousute thepvaluea of a, end T“J, 011 X = 0. These must be removee -

because the }.ineJx = O)is a freed edge of the plsie. Eecauze of the symaciry

of the sbove stress funetion, Txy is zcro on x = O ang only the stresses, ¢ ,

need to be removed. Thiz ia dona by 2dding & stress flolid consic ting of

-

pressure forees, ¢ 8y, mlong the line » = G, ac shoun in the Tigure. Superponition
x _ |

5.1




ol thic slvess field adds nothing to the o velue, nevevar; 1t does pluce
urvonted tensile stvesses, o, reross the lire of the crack. These are s

A 5 ‘
functlan of the pressures, dey’ irtegrated along the line, x = 0, gnd must

be tupuloted in preparation for the seesnd step of the caleulation.

The second step consists In removal of the unvanted tensions o dx on the
. . y
cxricx lize by spplication of ecusl pressure forces as shown in Figure 1. It

is best i apply thece forzes in a yrzmetrleal manner relative to the y=axis

i ]

in ordar to aveid applying unvonbed shearing strese, 123, on the lingy x = 0.
Tuo resulis ore needed. One of these is the second epproximntion 40 the K

volue voing the eguztion

| .20 8x '
=¥ + D AR : (2}
o=y FETE
~ 2
c . T i8efex _

Tee sccend rezuli nzeded is & new tebulntion of the wnvanied Dressuwres,
Ty iy, along the lize, = = 0, caused by epplication of $he pressures, qy ax,
in the crack. Thes? car be corputed using the siress function
2 o ' - A .
Gy, X% 4 2.,
2= | I (3)

o n{gg-i’-e) Yi-(2/ 2 )@

The proccdizes Four cuteining thix»d erd fourth epproximotions to the K

lie nre the second siep as discussed above. Tn

%)
bt
Tt
K
'--l
3
1
&
L
Yo
m
ck
e
cr
foe
[p]
i
4]
&
{

<he required Yobulations, choicos mush be mede of finite intervels arnd positlonz
for the foree application within pach irterval. Along the Yire, x = G, 1%

is helpful 4o subshitute v = & wsn'ul ond vee equal intervals in terme of the

engle varieble uj. fuch 5 choiee recoenized the giminishing irporiaores of

an applied presoure, o, &y, with Incresss of ye Tor similcy reasons, cn the
e

MHnz, y = 0, i% is kolzufal to subeiifute x = 2 gin u2 and ugz equal inservals

in terms of the angle varlable u .




xlon Gescribed above converges rapldly anc 1l conservative

e eale

with regard to use of compubor time. In ecomperesatlion & considerable computor

programing efiort 1e required, <oe latier can, however, be substantlally

reduced through cgreful study of the equations. In the case of the prodlem

of Figuwre L, the answer obtained 18

K = 1.122 07 | (4)

free sﬁrface is believed to

The correction factor for the influence of the

be scawrate to 0.§ percent.

Considor next the calculstlon method termed "soundary collocation”s

.

This method is mosbd clearly appropriaste for probleas such as ‘+hose shown in

Figure 2.
_ .
5 M
| I ]
|
S D
|
|
o .
. a
, "lP
¥
I
IR WU
7S - (\0)
Z 'TE/&

Piguce 2. (&) & compact henclon ast specizmen
(b) o notchedrvend tesh specluen yith 3epoint loading
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The bisic relatlonchip used in this n'ethcd 1s the 'n‘esterg;:tm'd stress function

7 = ._:._+A(jz) +A(.é‘) 4 oma + A (z_f -(5)

vhere the coordinzte crigin is regarded as located at the arack tip and the
.con"*' Pave Al s Aa_. ete. are all real and have the dimensions of stress. Note
thut “he cxponent of each term on the right of equation (5) is such that 13
real art 13 zero along the negative branch of the x-axis. Thus, if the
coox te directlons are selected as shown in TFigure 2, the fom of equa= '

$ion 5) cupplies & p:ope:. stress cordltion pear the crack tip and wsintsins

o, = iy = 0 u.long the erack line.

-'1
&
,.\.

R, boundary cclloestion, implice that the {m+ 1) constants of
cquatim {5} will be ajmbeﬂ 80 as to s2tlsly boundary conditlons at a
selec::d group of ‘eou.-:mm"y rointa. In general two stresses, the normal stress

end > shear stress{parellcl fo the bmmdary) are Imown atb each gelecied

st »
boundr. >y point. Thuws a selection of -l-‘-ég: boundary points would provide

(1241) :oneticas, enough Lo deltormine the constenis in equation {5). Experlence
with ¢ilewletions of this kird has indlested thet it 1s best ho limit the
valus of m, choose (mw*l) e wmore boundery points and evaluate the constents

of equitlon (5) using a2 "least squares” program. Where the problem implies

appllciiion of a foree at a point fairly close o the craék Tip, Julgment muss

be uiel In the sslection of boundsry polints and boundary stress conditlons so

that 1hie inflvence of the concentrotzd load is adequately renresented.
0 the only resull neceled frem Lhe caleulation is whe value of K, 2

tebnlr ion of walues for the revainiag eonsbants of equition (5) wonld be
unne ieary. The goal of the calouletion would then be %o find the proportions

ality of K %o the applied lozxd for o series of ermck sive v“lua., across the

Sk
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ich in of irterest for testling purposes. The resulis for » speclmen

£3 (a) of Figure 2 are giver in ASTH test method E=399. '[he results

ral. speclmens similor to {b) of Figure 2 are given in ASTM STP 361.
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CRACK EXTENSION BEHAVIOR PATTERNS

The crack extension process is associated with growth and joining of
advance origins and this tends to be discontinuous at ﬁﬁe scale. The speed of a
real crack can therefore, be defined and measured only as the average time rate
of displacement of the apparerit leading edge across distances much larger than the
size of the small discontinuous units of separation. In the case of nearly plane-
strain conditions at the leading edge, estimating the size of fhe largest discontinuous

units at 0.5 ry Seems reasonable.  The concept of movement of the leading edge

- involves averaging across such irregularities parallel to the leading edge as well

as in a forward direction. Po\ssibly 2rY, the nominal pléstic zone size, would
therefore represent a fair guess at theAsmallest forwafd advance of the leading
cdge across which én_average craék speed determiﬁation can be regardeci as
significant in consideration of smali scale irregularities.

| Although exceptions can always be found, the behaviors termed onset of
rapid fraActuring and crack arrest are relat'ively abrupt in the sense that they tend
to occur Qvithin a forward extensi'on increment smallér in size than 2.rY. When,
for purposes of simplicity we adopt a terminology based upon linear elastic stress
analysis to discuss crack‘extension behaviors, the analysis regards length
dimensions of size ry or ZrY as infinitesimé.ls. Therefore, both in coqsistency
with the analysis basic to definition of K and# and in consistency with the averaging
process implicit in definition. of crack speed, the cuétomary 'behavilor of real cracks
under rather brittle 'conditiolns suggests that onset énd arrest of rapid fracturing
occur with essentially perfect abruptnesé. That is to say, for reference purposes,
the ideal concept of onset of rapid fracturing is an abrupt increase of crack speed
from a very small or zero value toa much larger magnitude. Correspondingly

crack arrest is an abrupt drop of the crack speed to a very small or zero value

from a velocity of substantial magnirude.

-



sl

Obscrvations have shown that when the value of ¥ is large enough to maintain
rapid‘_crack extension, tﬁe fracturing process is stable in the sense that a fixed &
produccs a fixed crack speed. Continued increase of ¥ moves the crack extension
behavior into a maximum velocity regime in which a substantial, say 20 percent,
increase of ¥ causes negligiblé increase of the crack speed. n The maximum
velocity regime terminates with development of the abrupt instability termed crack

division (for a long through-crack in a plate) or hackel (for a deeply embedded

. britgle crack).

Stress analysis aspects of rapidly moving cracks are somewhat incomplete.

1Y

Problems in which the crack speed is constant or changes only a few percent across

increments of extension of, say 20 Ty can be solved at least in terms of complete

statements of the necessary computational procedure. On the other hand, for

periods in which the acceleration or dec¢eleration is too large for such a viewpoint,

. basic analysis questions exist which need further study. However, it seems

probable experiments will not distinguish in a clear way hetween effects due to

‘rapid velocity changes and those due the inherent small scale discontinuities of A

cracking which must be covered in any case by the concept of an average crack

spced. The following comments based upon the steady or slow changing crack

" speed idea may therefore be of interest.

A stress -_distribution was published by Yoffe* for a twd-difnensional ‘crack

- of constant length 2a moving at a fixed crack speed in an infinite solid with the

tension O acting normal to the crack at infinity. The value of K for the leading

edge of this crack was ¢ V7a , the same as for the similar static problem. Since -

"Yoffe's analysis was based on crack-closure action proceeding at the same speed

* E. H. Yoffe, Phil. Mag. Vol. 42, p. 739, 1951.
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as the opening process, the uscfulness of this solution was not at first clear. How-
ever, the prediction from Yoffe's analysis, that the limit to the speed of a crack
fixed by incrtia is the Rayleigh wave velocity, is generally correct. A stable

crack speed higher than this would not be possible because a fixed pattern of crack-

‘ c . opening displacements could not then advance as fast as the leading edge of the

crack. Thus, the limiting velocity of a brittle crack from purely inertial limita-
tions is about 0. 9c2, where ¢, is the elastic shear-wave speed. N

Such analytical stﬁdy as has been given t§ practical dynamic ffractu-x'ing
problems, for example, crack arrest studies in large welded tes.t piates, has been
of the static kind. * There is some evidence from data consistency that errors from
not using a dynamic treatment have been relati\'rel.y small. | For the ruﬁning crack,
the inertia of .éurroun&ing plate material delays interaction of the ci‘ack-t‘ip stress
field with the. points of load appliéatioﬂ and specimen bouhdaries. The expected
cffect of this delay is a reduction of the K value below thf; static estimate.
Esscntially the plate material inertia provides a short —specimen fixed-grip condition
to a partial degree. H.ow-e‘ver-,- for small crack speeds, the dynamic effect in-
fluencing an estimate of K should be small. T '

© The available information suggests that static methods of énalysis are

serviceable for purposcs of estimating the crack arrest possibilities in a compact

. structure, for example, a rectangular test plate or a thick-walled pressure vessel.

In the casc of more compliant struétures, a étatic; analysis would usually be con-

servative but étudy should b'c' given to stress wave reflections ca.pétble of producing

tension across an arrested crack. B |
Assisted by the usc of ultra-sonic ripple markings, cfack speed bghaviors

in 2 number of glasses have been studied in considerable detail. * A closc

* . Schardin, D. Elle, and W. Struth, Z. Tech. Physik. Vol, 21, p. 393, 1940.
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approach to the Rayleigh wave velocity was never observed. The maximum crack
speed in common soda-linﬁc glass was not far from half the shcar wave specd, Cy-
However, a correlation with internal damping wasA found. For examplg, a
maximum crack speed of abaut 0. 6c2 was noted in nearly pure silica.glass and
maximum speceds smaller by more than a factor of two occurred in several glasses
containing lead..
7777777 ~ Crack division depends upon attainment of a maximum. speed. This can
be understood in terms of the relationship of crack speed (2) t6 the value of Y.
When da/d8 is large, small preliminary efforts at crack division do no.t succeed
bc_:ciausc the Y values for each of the competing new brénches are unlikely to be
| equal. A small.¥ value difference would give a large crack speed advantage to the
highestgj branch. Thus, the largest branch-crack stress relieves and stops its
compctitofs. On the other hand, after attainment of limiting velocity where
da/d¥Y = 0, the créck speed disadvantage of the shdrter of several competing new
~ branches is much less, and successful crack division soon dévelops. |
| Iﬁ' sﬂnimary, from examination of the crack speed in relation to the force
21 , onc finds that for relatively brittle solids, a runnihg tensile crack is eSsentially
an overdamped, low-inertia disturbance which cannot be driven faéter than about
half the clastic-shear-wave velocity. Thé regime, in which the crack speed |
adjusts to a stable balance betwecen the energy -dissipatioﬁ rate and the driving
forcc.d, is bordered at the high end by the limiting crack speed and'the unstable
bchaviors termed crack d.ivision and hackle. At the low end of the -.regime, there is
a minimum stable crack spced and the unstable behaviors termed crack arrest an”
onsct of rapid fracture. Chara;:terization of these low-speed instability behaviors
iﬁ terms of critical values of Y or K rcceiveé considerable usc in crack-toughness
testing. ~ When the test material is strain-rate sensitive, the low-speed instability
bchaw}iors tend to become more abrupt and also more complex in the sensc that
onsct of fapi’cl fracturc typically requires a larger stress factor X than is. required
for crack arrest.
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i B-CURVE AL P ity 0 FRASTUR CFARASTERLZATION

I onfur to glve lizear =lostic fraocimse wezhanices .on 2xtended rarg
of applicablflity, &t L2 hals@rl to correst (or adjuct) the crack size
for the infiuence of cthe plastic zone asgociaked with cach leeding edge.

For this purpose we can add r_ at each crack tip where

Y ’ ‘
s () -
and o§ is the yield point stress. R :

Conaider next the Griffith crack equation

ES - K:-. = rrcf‘ (a+ ) ;._-.‘-.-(;;_)

Frem E9. () KZ - ’ro‘ L _ (3
and R, = ~'~<°’/o'v> 2 o e (%)

t~ L (7)™
We would like to believe all crack~like flaws in our structures

are small enough so that tha applied tensile load ¢ cen be nearly as
large as Oy From Equatior (4) one can gea this means Ty
negligible in compafison to the half-length of the crack, g. On the

cannot be

other hand, the characterfzation factors, K and'é% can be givgd an
exact Interpretation ss sgtress fileld paramétezs only in the limit as

the nominal plastic zone aize,'Z rY,'beaoméQ infiwitesimal relative to

'the dimensions of the crezck and of the vet aeﬂtion.

- R

Consider next the deLerminarion of & tuug“neas chatactprlzation,
Rc (or'gi), pertaining to onset of rapld fracturing.- It~haa been
observed that when the crack simulating notch éés "gharpened™ by a

eeguent of low-amplitude fatigue cracking, & clowmstable crcrk extension

7
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62 lsock of abruptress of thi instabiliry polnt thos intreduced leade

comparapls ip size to 2 r precedas cuset of rapid fracturing,
to a correspoending uiccytainny in the Kc determination, 7The degree cof

this uncertainty would, of couize, ba unilazortant 47 2 »

fracture tests with specimens such that 2 Ty

comparison to the crack and net section dimensions., In addition we

iz not negligible in-.

know that test results pertaining to values of 2 r comparable to the

v
. erack size do have practical interest as illustratéd in the opening
commentea. . . . :
. Por tha reaséaa dizcugsed sbc}e it i= desgiyrsble tb consider next
& method for characterizétion of.érack toughnesa which retains model
type applicaﬁility to cracks im resl structures even when the nominal
plastic zone ai;e is not small in compariazon to the size of the crack.
For e :hrough-the?thickné%s crack iﬁ & piate during slow-stable
crack extension we can define the resistance tb.crsck extension, R,
as t.:he value of the tensile driving force grequired to c_au#e each
additional in;rement cf stable cfgrk extension, Resultz of R-curve
weasurements generally similar to thé éoiid curve fn Fig. * have bzen
obtained by Heyer end McCabe(a). The effﬁctivé exsck size, aé; is
e, "o, + Cq + Yyg vhere a; {s the crackvsize prior to Iéaéing'and_
@, is the awount of alow-stable extensfoa. g
Examinationa of k~curve measuvements for g varlety of ﬁigh Etrength
metel shzets in whicﬁ the ucitch "shargeniﬁg“ amployed row-smplitude
fdtigue suggnest thut G, 1s wsually sbout 2 r._ vhaa the‘resistance'ieachas

L3
95 percent of the platesu valve.

7.2
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For specific illustration, we can assume Fig. 1 represents R-curve

test results obtained using the specimen shown in Fig. 2. Separational

loads, we assume were applipd by wedge action in the central hole in

oxder to avold onset of rapid fracturing prior to reaching the plateau
portion of the R-cuxve. During increase of the separational load, the
tncrease of effective crack size congists at first only in the growth '

of Ty Most of the slow~stable extension térmed Q. occurs. during the

. £inal 20 percent of load iucrease.

The initial shape of the leading edge of the crack, vhich we assume

was establighed by low-amplitude fatigue, would be neariy straight

. acroas the plate-thickness, snd the fracture surfaces adjacent to the

leading edge would be relative1§ smooth. When iﬁe éfvalue becomes

 large enough to produce forward motion of the crack, additionel increase

of R is asesisted by the tendencies toward development of shear lips,
toward a ehépe change of the leading edge, and toward more gnd more
irregularity in flat»teusile regions of thse fracture.

We assume mext that, if the inf;ial crack of Pig. 1 had been cauged
to extend by remotely applied tensile loading, then the development of
?esisfahce to erack extension as a funrtion of ef twée cfack gize would
have been the same as the R-curvé obtained using_wedge Ioading, The two
ddcﬁed curves on.Fig. 1 fepregent.é as a function @ fqr'twﬁ ftxed‘yaluea
of the vemste tensile »tﬁass, g. ¥hen g i;-améi},{one can see that.
facraaze of e, with ¢ £ized caussr an increass of wvhich ig much

amaller then the increase of R, 1arefores the crack ie stable. When o

{2z lacge onough ze that the cerraoronding dashzd curve is just tengert
to the Reovive, the inezea Fé; rvaviaoﬁ Ly incyease of Ce {vith ¢

-

fiwed) 1s egual to ox larget than hae corresponaang increase of R«
Wien @ har increased to this tangensy peing, onaet of rapld fracturing

zan be expected o cceur,

72



o initial cravx size is reg?-gibl

. pextainin: to the aasuu;tioné,

. aof ﬂ& plate thicinor,

esployed at the fres oo dne of B

opening displacement.

e

When = centraily notched plate is loaded to fracture in an actual

tegiing nachine, fixed load conditions are rarely maintained. Thus a
small reduction off thp load, assigted by irregularities in the *esistance

to frac) extensicn, tiay increase the observed slow-stable extension of

the cracc beysnd the amount ene might predict from examination of the

'R-curve, Thus a cerziderable uncertainty may exist as to the particular

value o% 2, which shiuld be used, along with the observed critical

. valuz of the load, i1 calculations of éa (and Kc)' One must, hawever,

bea:: 1a mind that‘?%s eritical value of the remote tensile load énd

the ?alue of tue i vial crack size are both detetmined with neéligible

smbiguity in the R-1rve experiment. Since the obJect of the toughnegs
tnvestigntion *u to Fm*mit determiuationa of critical tengile loads for

various ‘nitisl cracka.:we should not be distressed if we find it ig

possible to accomplisl. this taék wore conveniently through deterwinatica

and study of the R~cu:-'e than through determination of §

Added generaiit in use of R—curve meaguremsnts g at hend 4f wa

essumo the chavge of &) ape of the R-curve with

iceregse or decrease of
-

Althoagh there ere somz uncertainties

basic to the R-curve approach, it is

.believed these can be 1Scepted with little risk of significhnt error

‘80 lory as the loads winais below tnouv necnqanrv for ganernl yieléing;

The t—'Jrve ahapm 242, 1€ tourse; he expicted L3 ohangs itk changs

1

2 &,

R-curve measvronint; can be an=isted by wel ng obaﬂrvatfons of the

srECE opening to ditermine fhe etxve orack sisz, ¥or exanple, in

the case of a 3i”€?°““4$e~n4tch&i (&8 aaccime£} & ~lip-poze can bLe

22 spuslinen where Vhg roteb has lre Largest

2O la

I'reim prior calisration, we kicw fhe iratio of

7.9 .
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‘gre Iarger than 2.5 (X /cY) as ip requivcd for ASTH cvaluations of K

crack oéening displacement to epplied tensile load for each cracﬁ size,
assuming linear responee and negligibie plastic straia. It caﬁ'also be
assuced that the.ratio of opening displacement to load when a visible
indicstion of non-linear responsé is 9re;ent, provides as good a |
imeagure of a, as would te obtained through addifiqn of Ty o the
directly observed crack size. 1In fact, for some alloys which st%ain .
age at voem temperaturé (e.1, 2024~T351 aluminum), it ia difficult to

guess what value of Oy gshould be used in computing r_, 2nd use of the

Y
value of a, inferred from the ratio of npening é%sglacemént to load
is preferable.

Heagurements of EA and K sre useful primarily for situztions in

“which the tengency point on the R—curve is unlikely to differ signif-

icantly from the plateau level of the churve. The ideal situation ;

would be cne in which the R-curve would rise steeply and turm abruptly

onto ite plateau. The behaviors of many waterials correspond approxi-

mately to this ideal situation when the crack size and net aection

Ic

Ia the preceding comments, we have inferred that calcnlations of

¢ end K using the effective, or Ty corrﬂctnd, crack size retain

characterization value even when Ty is, eay, half oa lafga-as the

9 - ' T
dimeasion, @, ¢f tha track. That ia te aay, we have assuymed the values

‘of f snd X, thus caleclated, continuas Mo zerve oo vseful weasvres of the

tendency teward onset of rapid franturing even vhen the net szction
strese is pmearly lazga envugh for genarael yielding. 4 iustification for
this -can be faruished In tewwy % tha {zen that z uaaviy constant
proporifonality of tha plautizity corrented 2 49 the: crach comning

eixetch fg retainad throughzus this acrres ranzge, Additional commenis

en this point will be provided In other lertures, bo T e SRR
75
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F;racture Toughness Mea'surements

From previous discuésion, measurements of the resistance to crack
gxtension as a function of effective crack size (R-curves) are assisted by
two factors: (1) Use of wedgé loading to postpone onset of rapid fracturing
and use of large enough lateral dimensions so that the maximum Kﬁ can be
measured prlor to ylelding of the specimen. Because of the fact that the
latéral dimensions are often large relative to‘ﬁhe plate thickness, arrange-
ments foriR-curve testing should include fixtures whieh prevent out-of-plane

deformation of the test plate. A compact tension specimen shape is sﬁitable

with the loading positions shifted to near the line of the crack simulating

notch énd revised to accommodate loading’by alﬁedge dISplaqément method.
Since there is no'éirect record of the load applied by the wedges, crack
opening displacements are recordéd at two videiy separated points.

| A sinmplified versiop of R-curve testiné can.be done using a centér-notched
ﬁension specimen. " Lubricated plates to preventbout;of-plane deformation near
the crack line can be held against the test plate using moderate clamping

pressure."After calibration, a single measurement of crack opening displace-

ment across the center of the erack simulating notch provides an estimate of

the effective crack size durihg loading. - SRR BN

Although onset qf rapid fracturing occurs prior to-achievement of an

- upper plateau value of Kﬁ, the portion of the R-curve provided by this test -

. method can be extended by use of & displacement control loading method and

may be édequate for practical applications, particularly if the test plate is
relatively large.
The R~curve method for characterization of fractureAtoughness is of basic

reference value in the case bf‘Kc'and Kic testing,

7.¢
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K Testing
desciassed
Methods for K testing of high strength sheet materials were gﬁ;ﬁ%&}n»
the ASTM Bulletin, January 1960. For best accuracy of this work, the
esting arrangements do not differ significantly from those which would be
used to make simplified R~curve determinations. An aprropriate specimen
decign 1s one in which the crack simulating notch, including segments of
fatigue crackiné, hes a total length of about one-thi?d of the specimen width.
A specimen length.of twice the plate w;dtb between thé loading reinforcement
plates is desirable. Ké test results obtained with the net séction stress
less than 0.8 OYS generall; @o not differ significantly from‘the maximum
value of KR. | .
3tatic and-dynamic measwurements of Ké for structural stéels have been
performed using a 3-point loaded bend specimen with the crack simulating
nbtch extending to 0.3 W. In this case W 1is ihe depth of the bend s?ecimen.
The principal simplification in fracture-testiné of relativéiy iow cost '
structural steels is the absence of appreciable slow-stable eracking prior
to onset of rapid fracturing. For slow loading measurement;; detérminatioh
of effective crack size can be assisted by use of a crack "mouth" Opening
displacement measurement. This is impractical in dynamic testing. However,
the maximum load of the test can be obtained e*ther from 1nstrumentation on

the specimen or from instrumentation on the striking ﬂao. ~In the latter case,

. thé load application should be cushioned" so that the loadlng time 1s about

1 millisecond. Only a formal Ty type ad justment to obtaln effective crack
gize is feasible in dynamic (impact) K, fracture testing.
Although K testlng methods have not yet received standardization treat-

ment, such tests have been quite useful. Currently there is a considerable

interest in the development of relationships between relatively simple impact

/'g. ‘/I’d” k 7 -



fracture tests (fof example, Charpy-V-Fotch tests) and tests which can

be aualyzéd using fractﬁre mechanlcs. fxcept for very low amounts of
fracture toughness, the Charpy test appears to be too small to permit more
than an empirical comparison. In the case of dynamic-tear tests, If the
specimen indentation energy is taken into account, there is an understandable
comparison between the values of gac (when measurable)_ﬁnd ﬁhe total
fracture work per unit area. |

With regard to the dimensional requirements for the centrally notched

specimens, an approximate rule 1& that a close approach to general ylelding

occurs vhen 2rY = 1/2 (“g - a). In the éase of the notched-bend specimen,

the corresponding equation is
' 1
= We
ary = § (v-a)
. ' §ic Testing
ASTM test.method E-399 gives a complete and detailed description of

I
in test method E-399 resulted, in part, from the idea that the KIc valve for

K, testing. The stringent requirements for test validity which one finds

any metal (of largey enough section size) is of special fundamental importance

and can be determined without allowance for R=curve influences such as the

_plasﬁic zone and slow-stable cracking.

In its present form the test method depends rather cfiticaily upon 8
good determination of load as a function of crack "mduth"‘opening displacement.
A line is drawn on the test record having a élope 5 percent less thaﬁ thé
slope of a tangent to the initial portion of the test reéord és shown in

Figure 1.
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Figure 1

The highest point of the losd-displacement line between OA and-OB

" is the load, By, used to calculate & K value for the test. The crack

size used for this calculation is measured on the specimen after fracture

and is the average of the center and Quarter points of the sharp crack

front established by low-amplitude fatigue cracking. Theiforward measure-

ment poéition of any two points on the leading edge of the crack should

[

differ by less thap 10 percent of the cra&k.size.
The principal dimension requirementéAare examined after calculation

of & tentative-estimatevof-KIc termed Ka. It is necessary that the speci-

‘men thickness, B, the crack size, &, and the net ligament, W-a, are all

. 2 '
greater than 2.5 (KQ/UYS) . An additional, after the fact, check is &
comparison of the KﬁAX used dwring the last segment‘of fatigue cracking to

the value of K the test method requires 'Km (during finsl fatigue

cracking) to be 0.6 KQ or less.

The final validity requifement of the test method concerns the appearance

of the testing record beyond the point, %Q' If the test record shows &

PR
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load maximum beyond PQ, the magnitude of this load maximum must not exceed

PQ by more than ten percent..
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‘ozt of ue heve had the exserience of breeking an iron vire by repested

Jozcolized bending. Reverselc of larze plastic strains preduce, at first,

e

very c¢mall croekz and subsequently e joining of these. The formation of one
or rmorc orociks of substa;tiul sice relative Lo the wiré dizrpeter resultis in
en c:sily dotected loss of betﬂin; resistance and conn;:ucd ternding socn
produces & tomplete ﬁeéaration. A siﬁilar process occurs at the leading
edge of & crack tvhen the ecreck is subjected to cycles éf cralon. ét peak

{25, Fas

Jozd of the first helfecyele, = zone of plactic sir ain of Lominal s:.ze;q
o -

formed resulting in very large plestic tenzile strains edjacent to the erack-
. 9 J v

tip. The unloeding eyele can be regarded s a superinpoced compressicr. In

terma of stress intencity the magnitude of this agéed compression is

Ak =K - K . The nozinal size of the zone of plastic strain reversal
¥iX  HMIN. ’

5.8 cmaller than the initied (fensile) plastic zone because a compressive

strain ol 2 GY is necessary to change the stete of strain from one of tensile

yielding to one of comprossive yiclding. The nominel plmstic zode size com-

putation can te adjucted for this by replecing OY by QQY in the equation for

Erx. Tn ndaitlon the magnitude of the 2dded cozpression, AK, may be smaller .

than kav The rezult ic an cstimete of the roversed plastic strain zone glze
dlair e :

given by

-y

)l,_=~1»/l’2i) @

O
Sinee the sine of the mone of weversed plasiic sbroine Aspands only uren
‘\]’ ﬂnﬂ T ol .‘1-7 it "-""‘".' ‘\,1 L . i YO Ty e Prvoy ey -’-.aoll
218 . "l’ 20 WEING 210 cot the fouigue orzell grovia :.duf’, LR & give

. N . e - - ot - a ., s S
meimurily on A, lurerivemve, in fage, 620U TIC



“aireraft vere i ntra

AK is the &ominzat fector controlling the crock provil rate ver cyele,
da/all. Elcvation of ""1(: moan K, K winus 1/2 (AK), 2dds only mcderately
to the obscrved da/di value. -
o *I'Ph" atiens
The limliztions of lineor-elastic analysis metheds,to investigations

of Tatigua craeking tend to de 1es$ than thcse aissoc.;iated vith fracture
toushness measurerents beenuse the ﬁominé.l plastic zone, ;éarticularly e
reversal plactic zone size, tends to be smaller in the case of fatigue
erzexing. Furthermere, predictions of safe life in service can be kade in
a realistic manror becovze it is possible to talf:c igho account the influenc
of the initinl @efects vhich serve effectively as smal l sterting cracks
capable o*‘ enlargement bj fatigue loading.

' E:'tigu cyacking has often occurred in a:?.l"crai‘l; s‘tz;uctureso Studies of
fatigue crack growbh rate, q/d_W, as a funct io.1 of AK for matorials used in

weed by P. C. Pev'is ard his associates at the Boeing

ja))

Company ( _e'*ttle) in 1957 ard have received increesing ctteation dwring sube=

scquernt years. A typical greph of log (da/dji‘ versus log (AK) for e structurel

metal 18 shown in Figure 1.

IN.
L. CcY¢LE ‘

_/0-2.

16
-!c’s .
! to - /fod KSR
T ] ]
]oj AK
Figure 1. ":'*mcaJ bckavier of Qﬂ/ i an a function of AK |

[Wzr’ ordiaale Sca/c Shoald be shified bt/:war‘.,’ 97
t & fackyr of /0 )
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Threshhold velucs of AK below vwhich (da/dN) appecers 40 be zerc occur
acrosls the renge of ) to 15 ST Y It for various siructural metals depending
uron the mecn X and testing termperature. Influences of the %esting environe
ment near the lover threchhold Qf AX must be regerded as limcertain for tvwo.
reacons. (1) The experimentel work confirming euistence of these AK limits
for fatiguve ciack grouwth hes received publicatior and éiscuﬁsion only since
1970 (P. C. Parls, 'et al, at Del Rescarch Corperzticn). (2).0f necessity for
efficient collection of d'w:i.a x:io#i; of “his werk has been done v:L th high fre-
guency loadings vhich te;.:i uO suppress influences of enviro;;mént.

The rapia'dehcrease afay wi th éecx egse of £K has see_ié& vo stert in

the range of da/all values betveen 1077, in/cycle epd 1070 :':n/cylee. A% the

“right oide oi‘ the tehavior graph, in the range of @a/an valucs between 10 =

in/eycle and 10°3 1n/c"uc, o rapid increase of da/dl‘? w.sh AK is observed.

-,

As Jin the cose of the lowsr threshhold :cegion 3 a"ﬁitioma-l exy grimen;nl deta

16 necded for cle.rifi 2tion. Uiﬁh the present dota, it is diffv cult to say
shether $he significont f‘ac:'ﬁor/\is the devclopment of da/aN vﬂlues larger %hon
the spacing of fine sezle 5.'“.11.0130','5'6‘17.@ itles (1 in_,t é'e, grain o...ZQ) or
whether the significant factor is “the eppr roach of I;m tmmé the K, value for
the teost plate. '

The region. vhich hes received rr.o;rt ’-’“Ldj is the range of_é.a/dﬂ ﬁluea
teticen 10-7 infeyele and 107 iu/ eyele.  Tox this rangs, gmpﬁs of log da/ax
versuwo log (MZ/E) for stoels and 21loys of Alugizuvrm, Magnesiam, and T"\,ar"
(with effecta of cnvizonment supprecscd) 2‘- . iato an overlioppiang band, 50ge
..35: rogking i primarily a I.iu::’:‘,"m prozess governcd by

the mogaitede of plastic strnin reveoreal ab the weel oip. )

{9
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An empirical equation of the form

n
% = ¢ (£K) (3)
can be used Go represend this rezion vhere € .end n are empirical cone

stentoc end n lies in th% range of 2 to 4. Values of n larger than
L 223 &

usually indicate precernce of sone ecvirommenial influence. In any czse, ¢2ae

“

develorment of appropviaie values of C end n For the material. and environe

“‘)

nent of intorest fu*nvshn; a basis for pre@icting the fatigue life cf a
structure containing en initial crackelike flaw of given size.

For.example, asswre the °xpGCued 1oadznbs can be rgzardsd as equivalent
to application of 2 remcte stress fluctuation, As, where

80 = UHAX HIN . o ﬁ ». (h)

Agoune pext tkat the st:rtinu crack is like a ha1¢~circlg p_:uuthzough

“erack &t one surd accof the co&pouent. The correction Tor the free surface

T will thén be small (say 5 percent) and the AK at the leading cdge of the

crack is given approximately by - , ,
. S AK = q )& V (5)

vhere

q =1.05 (2/m)(aa) Y/ : o (6)
and & is the radfius of the half-eircle’ starbing erack. From egwations (3)

and (5), and treoting q as a fixed constant,

E . ' bﬁ* 1 o . - :
: § o= I S /-1 S {7)
- ) . | ) &o o qn E’,B/z . = |
e " @-1)7 |
(=3

°‘f"* (2”) L ,al



The atove intcoration nssuzes ni 2. One can readily see that, for

situntions of long life (N '7105 cyeles), the imitial @a/aN value

.

(-‘19-) = clgm)” | (9)
an/initisl - S

must be smaller than aoxlo-s (in/cycle). Furthermore, most of the life

occurs with the crack size close to the value of e In ‘typleal

3

situations a, mey be in the range of 10°g° ipches to 5 x 10 ° inchess Repid

completion of the fatiguc crack through the plate cr section thickness can

be expected vhen a becomes as large as balf of the section thickmess, a
dimension which is likely {to be =i=isme® 100 tizes larger than ao. Thus

the sccond term in the curly brackets of equstion (8) would not contribuie

significantly to the value of H.

-

, it is a fortunate circ11méta.nce t'h.a‘b nost crackelike féﬁgicaﬁion. flavs

aré sufficiently blunted and irregular co that many cyciés off loading sre :
usuzlly nceescary in order to "sharpen" the leading ecdge and thus inttiate
fatirue creeking in c-on*e:;ponﬂance %0 equ:»ition' (3} In ma&iizg Judgments
regarding the degree of perfection vhich must be eét&blished by rr cecs co..'rol
a'nd, inspection, the extra fatigue life thus introuced cannot bé éiven muzh

veight if the service life is critical and must be goaraniced in a sure vay.

In the case of pressure vessels, e leakebefore-burst toughness cordition may

provide a protective fecture of ifmporbtance throuvsh the fact that detection of

leakege can be arrvanged to oceeur prior to onszet of »gpid Zractuwring. A coie

A

parable dogree of Tracture Loughness in the easz ¢f othar shructural components

-~

may perialt devection of fatizue cracks prior o casel of rapid fracthwing if

the inopections ere cufliclonily frequoent. Ctaervine frecture toughness plays
a mino; role in the czse of M velues larger thoa 105

~

g. 5

cycles.



opening strcteh, /6\,‘ where

metallic
It is lmportant vo recognize that, Ffor any givquFaterial, fatigue

crécking does not correlate y¢th fracture toughness and yleld strength wﬁen
the N volues of interest are lafge. In the cace of low cycle fatigue

(N <€10” eycles), the oprrosch of the crack size to the value which is
eritical for onset of rapid fracturing way be quiis ispertart, particulerly
vhen the M value of intcress is in the range ¢f 10 to 500 cycles. Tor this
range -estirar-:tcs of meximun amounts of fatigue crack extension can be made on

-the unsumpiion that da/dN vill be less than the cyclic range of the crack

2 | :
A§=..(A§.2._ - - (10)
eoi B

'Vith.rcgard to random amplitude loadings, if an equation similar %o

equation (3) hes becn estoblished for the meterial and the frequeney of
Lo,

~various Ac load fluctuations :1s: known, current deta suggests that use of

. n .
average values of (Ac) results in conservative estimates of the crack greowth

"rate. The reason for this is that the lerge Ao followed by cmeller Ac values

has & deleying influcnce on da/an vhich is lorger than %the ccpasional da/ad
. . 18 .

“increase Introduced when a series of small Ao valusg«?ollove& by severel large

values of Ac. .
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As in the case of futimre oracking, studies ¢f stress corrosion cracking

arc conducted 2t cpplicd K walucs below Kc for the test plate end the

- PORS - - -~ > - ~ -y
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n the cage of str2ss corrosion cracking
zhan In' the ¢ase of_ atigue c;':.r:l-:iﬁg. Exporimental grapas of da/di‘f versus
AK have been develeped extending through the region of change from flate
tensile into cbliquc-shea‘r Dractwring vwhich show 1i4tle apparcnt influence
of this transition in fractwe sppearance. Houever, the'v development of
moderate amounts of plnné—atrez:s viate thiclimess raduction near the ;:racl:
tip has .been chserved to ca‘uzc arroct of a erzek outending under steady loed
with the 0id of stress corrosica. For this rezson gtudies of carack extension
specd as & f;znction of the applicd8 K ere usucll; ccnéucted under condition of .
‘a plane-'-'s’orain degree of constraint of {the plasiic mone. Thus the specimen
thickness, crack slze, anci nct ligement are gcnera?j.y about 2.5 (K/oys)a,

or more, cerocs the ronge of K wvalues subjeeted o 5.51-'05":.15&’610:1. Purthers
ro»e the degres

of
with increase of K. and decrease of'chS.

"siresc-corroalon” used in this note can be regarded as equivae

’

zensidivity Lo siress ccrrecsion cracking tends to decremse
ic
The tern ess

n 0]

lent to "agressive eavironzent'. The most common ngrecsive cnvironment is oune

. g . Jo - T TP Ty - K3 - .';.-L 2 B Y R rers e py oty Y > %
vhich couses injection of hydoesgen atoms ifuto the Sruwetwal umetal. I tke
e KAy N~y - on T yew . eyt ofe R, Jupen 4 " cym g - .
ecase of oheals, rouchly in orlar of soverity, the Jollouing eavivomenie may

cavse dacroning of aprior ercel: air plug H20 e E.0, sec-water (vm%er

o 2 safa
o
plus 3 wperecit I'eCl), H2 rlva H.C, woioy nlus =@ditivos censling eithes & low
* [
pl or 2 higa pld, wvre H2 , ITO0CNG Has. With czvizcgmants of Talis natere, the
erack spaed ¢epends upox the X valve and the corccntrotion of atcmie hydrozen

Q. 1



.in the fracture process zcre., The hydrogen concs:ntra'ticn in the fracture
process zone depends upon the rate of injection cf ufboznic hydrogen and upon
the diffusion speed of the hydrogen atoms within the. metal. As the speed
of crack e#’cens:’.on increaszes vwith increase of K, one frequently cbserves

a behavior range within which additions to ¥ cause litsle or no increase

.

of crack spced. Studies of activation energy, Q, using the equation

| @ .ce g -
et at ' T o .
have been conducted using gbservations of da/dt at a -fi::ed;:" K ~value as a
function of the testing temperatuwre, T, .where, T dis the absoluie tempera‘;‘;vre. |
When these stﬁdies vere donc with a X wvelue hrée enough to produce the
tendency towerd a platesu in the creck speed versus K behavier graph, the -

resulting Q corresponded to the asciivation energy for diffusion of stomic

hy&rogen in the metal,

Figure (1) shovs a schemziic behavior greph ¢f log {da/dt) a8 a funciion

of the epplied K value.

IN.
MInN.
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a is defined as the value of I above which

e
(W

fhe K wvalue termod E‘TI
a pronovuced increase (howsrd values larger than 10“’? inches/nﬁnute) ‘occurs
in the crack speed with a;-w'sivnifi'cant incresse of the X value, When
crack spzeds less than 167 inches/rin. are of pructicel importance, and when
the terlency toward a crack orrest threshheld is obscured by the influence
of load fluctuations, theze fastors must be (given study in experiments which

tend to model the erpected service conditions. Otherwise comparisons of KISCC-

values are of practical value in choosing materizls of minirum sensitivity to

stress corrosion eracking in the presence of crachk-like faebrication flaws.
Héasuremqnts of Kpcop c2n be done conveniently using sbecixens of com=
ract tension shape but with the initial displacenént fixed, The fisted load-
displacement conditicn can te irtroduced in variovs ways. Possibly the simplést
way is to use a boli exterdinz through thé lcuer half of the spscimen and
exerting a pressure ag&inst the upper surface of the crack., If the loading
lire of the corpact tension specimen is reteined, cae can use availzble cali-
bretion equations té ob%iain the relationsﬁip tetizen loadedispla-cez:éntD crack
size, end the K wvalue, If the initis) crack tip is sharpened by low amplie
tude fatigue and the initial opening displacement puts K above KISCCo.then
forvard rotion of the crack cavces redubtion of lcad and X wvalue and crabk
arrest is observed ét the KISCC value, After a lecag period of ézposure to the
environment, speeirens in which crack rotion appears to have stopped are

siezcted Lo er 20Giticonzl aweunt of fatigue

.
taa

seoved from the envircent, ord su

P

. ~tes T’ - VS o> 3 &Y iy o, T 3 wr Lo yonvens o ey em o g

ecraciiing, Tre crecicen is thon brcen 2t lor teraatice ol examined to
ey n . - e B P ee s . 1es L >, e -.? 1 -

obtain a maasuvrerent of thie chuess corrosicn ereck cepth ab the arrest point,

This crack depth 2dong w=ith the indtial leadedispl wncmont perwits caleuwlation

T the X ,.- volve for tha
of 1 Fisee valvu for tha
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L recent in.tc:;."csti.n;; 5U/'ZCS! ion ceserving favther study has bzen made
by invosi;igétors st the v 3;:' h Iron and Lieel Tastitute Laleratory at
Sheffield, England. ¢ sugrestion is that a Tew minutes of ,eprsure of
S seems to produce the same Kiecp velue as
obtained after six months of exposure of similar specimens to a water"envir.ma

steel cpecirens to gossous I

nent.

2.

‘Standard ’\.I.SCC necswenent methods are cwrently under develOprrent by
ASTM, It mst te no"ced, hovever, that small arcmts of stress corrosion
agsisted erack extension are likely to follow each appreciable load fil_.uctuaa
tion even at valves of ¥ ‘smzller than KIS-'CC’ Thus, :'Lf load fluctuations
will occur in service, separcic laboratory experirents which medel theuoe in

a realistic marner are cdviceble, Furthermors, sadies conducted us:lrig deesp
crocks are not inﬂuenced 2; yp"cc:.ab .y by the natural oxide coat:’v.hg éf ":,ﬁe
metal. Tn order to obtain clarification and fi:r‘?;her v.nder's'te_tﬁing of the
developrent of erall surfoce cracks, for. 'n,np"e cracks beneath corrosion pits,
stddies of cracling épead a5 a func’cion of X using szn‘fggie eracks of very

.':‘

emall depth would be helpful,



- ' F M. Cob{rse Hofe s Ppe/ﬁanzd b:1 é.f?.lt‘ut‘u)l

i : : o COMPREHENSIVE FRACTURE CONTROL PLANS

I For certain structures, which are similar in terms Aof design, fabrication
method, and size, a relatively simple fracture control plan may be poesible, based
upon extensive past experience and a minimum adequate toughness criterion. Itis

i to be noted that fracture control never depends solely upon maintaining’a certain
average toughness of the material. With the development-of service experience,

e adjustments are usually made in the design, fabrication, inspection, and obera;ing

cohditions. These adjustments tend to establieh adequate fracture ‘saf'ety with a

material quality which can be obtained reliably and without excessive cost. A fair

statement of the basic philosophy of fractw;‘e control for sueh structures might be

as follows. Given that the material possesses strength properties within the

specified limits, and given that the fracture toughness lies above a certain minimum .

requirement (Nil-Ductility Temperature, Fracture Appearance Transition Tempera-

ﬁ ' ture; Plane -Strain or Plane-Stress Crack Toughness), then it is aseumed that past

t experience' indicates well enough how to manage design, fabrication, ahd inspection
so that frecture failures in service occur only in small tolerable numbers. |

f | With the currently increasing use ef new materials, new fabricatien
techniques, a;nd novel designs of increased efficiency; the preceding sifnple fracture

& ) control philosepﬁy has tended to become increasingly inadequate. The ﬁrimary

. reason is the lack of suitable past experienee and the i'ncreased cost of paying for

‘this éxperience in terms of seryice.'fracture failull'e_sf ' Indeed, modern technology

. 1s beginning to exhibit situations with.' space vehicles, j'umbo-jei commercial air-

planes, and nuclear power plants for which not even one service fracture failure

would be regarded as acceptable without consequences of disaster proportions.
g Consideration must be given, therefore, to comprehensive plans for fracture
control such as one might nced in order to provide assurance of zero service

t fracture failures. A review of the fracture control aspects of a comprehensive

{ . o -1-
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plan may be advantageous even for applications such that the fequired degree of
fracturc control is modcrate. One reason for this would be that an understanding
of h._ow to minimize manufacturing costs in a rational way is assisted when we
assemble all of the elements which contribute to product quality and examine their
relative effectiveness and cost. In th_e present case, the quality aspect of interest
is the degree of safety from service fractures. |

| Aftér. these introductory comments, it is necesséry to point out thgt the
concept termed "comprehensive fracture control plan” is quite recent and cannot
yet be supported with completely developed illustrations. Wé know in a general
way how to establish plans for fracture control in advance of extensive service
tfials. However, until a number of "comprehensive fracture control plans” have
been formulated’ and are available for study, detailed recommendations ‘to guide the
development of such plané for selected critical structures cannot be g_ivei‘x.

.+ The available illustrativé exampies of fracture control pianning which
might be hélpful'are those for which a large number of the elements contributing
to fracture control are known. At least in terms bf openly available. inqumation,
these examples are incomplete in the sense that the f_racture coﬁ_i.rol eléments |
require collection, re -examination with regard to relative effic.ieﬁcy,' and éarefﬁl
study with reéard to adeciuacy and opt.imizatiop. Substantial amounts of information’
relative to fracture control are available in the case of heavy rotating cqmp_onénts
for large‘ steam turbine generators, qompohents. of commercial jet airplanes

(fuselage, wings, landing gear, certain control devices), thick-walled containment

~vessels for BW and PW cooled nuclear reactors, large diameter underground gas

transmission pipelincs, and pressure vessel components carried in space vehicles.
Certain critical fracture control aspects of these illustrative examples are as

follows.



A. Large Steam Turbine Generator Rotors and Turbine Fans

‘-

1. Vacuum de-gassing in the ladle to reduce and scatter
inclusions and to eliminate hydrogen.
2. Careful ultra-sonic inspection of regions closest to center

of rotation.

v

3. Enhanced plane-strain fracture toughness.

jef Airplanes
1. Crack éfrest design features of the fuseiage. A
2, Fractﬁre toughness of metals used for beams and
" skin surfaces subjected to tension.
3. Stréng.th' tests of models. _
4. Periodic re-inspection.
Nuclear Re_actor Containment Vessels
1. Quality uniformity of vacuum degassed stéeii.'
2. .C.areful inspection and control of welding.
3. Uniformity of stainless cladding. |
4, Proof testing.
5.. Investigations of low c&cle fatigue ci‘acklgrowth at ﬁoizle
" corners and of cracking hazard from thermal shock; |

Gas Transmission Pipelines

- 1. Adequate toughness to prevent long running cracks.

2. High-stress-level, in-place, hydrotesting.
3. ‘Corrosion protection. o |
Spacecraft Pressure Vessels

1; . Surface finishing of welds éo as to enhanée visibility of flawé.
2. Heat treatment to remove residual.stress and produce adequate

toughness within given limits of strength.

/0 -3-



3. Adjustment of hydrotesting to assure adequate life

relative to stable crack growth in service.

In a large manufacturing facility, the inter -group cooperation necessarv

to achieve successful fracture control on the basis of a comprehensive fracture

control plan may require special attention. In general, the comprehénsive plan

will contain various elements pertaining to Design, Materials, Fabrication,

Inspection, and Service Operation. These elements should be dfrectly or indirectly

related to fracture testing information. However, the coordination of the entire

Plan to insure its effectiveness is not apriori a simple task.. -The following outline

lists certain fracture control tasks under functional headings which might, in some

organizations, imply separate divisions or departments.

I

II.

i

Design

v

A.  Stress distribution information.
B. Flaw tolerance of regions of largest fracture hazard due to stress.

. Estimates of stable crack growth for typical periods of service.

Cc
D. . Recommendation of safe operating conditions for specified

intervals between inspection. . .

 Materials

~ A. . Strength properties and fracture properties.

L GYS’ GUTS’ chy KC .

KISCC. for selected envirpnments.

.galil for selected levels of AK and enVironmeﬁts.

B. Recommended heat treatments. .

C. Recommended welding methods.

/0 -4-



III. Fabrication
A.  Inspections prior to final fabrication.
B. Inspections based upon fabrication control.
C. Control of residual stress, grain coarsening, grain direction.
D. Development gfrprotection of suitable strength an.d fracture
. properties. | ‘
: E. Maintain fabrication récords.
; IV. 7 Inspection i
A. Inspections pfior to f;mal fabrication.
B. Inspections based upon fabriéat'ion’ control.
C. Direct inspection for defects using appfopriate NDT techr}iques.
D. 'Proof testmg | |
E Estimates of largest crack hke defect sxzes..
V. Operations )
A, Control of stress level .and stress flu'ctuations_in service.
‘ B. Maintain corrosion protection. |
C.  Periodic in-service inspections.
P .
!i " From the above outline, 6ne can see that efficient operation of a compre-

purpose.

divisions or groups in a voluntary or independent way..

hensive fracture control plan requires a large amount of inter —group ‘coordination.
Ifa complete avoxdance of fracture failure is the goal of the plan, this goal cannot .

. be assured if the elements of the fracture control plan are supphed by different

It would appear suitable to

establish a special fracture control group for coordination pufposes. Such a gro.
might be expected to develop.and operatc checking procedﬁres for the purpose of

S~
\\a.ss,imng that all elements of the plan are conducted in a way suitable for their

Other tasks might be to study and iinprove the fracture control plan and ~

_ to supply suitable justifications, where necessary, of the adequacy of the plan.

/0 -5-
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FRACTURE CONCEPTS

1, PROGRESSIVE CRACK EXTENSION

Progressive forward mot1on of the leadinz edge of a crack occurs when the
sfresses, deformations, ani.advance openings reach critical cenditions relative
to local fracturipg;',ﬁevelopment ard joining of advence openings %s the mechenism
of local fraeturing usually.observed. Because ‘of the stress intensification
near the leading edée of, the creck, a gross section tensile stress below that

necessary for_general,yielding may be large enough to cause forward mo§ion of the

crack.

“2. FRACTURE PROCESS ZONE °

.

Ad jacent to the leading edge of the crack iies a region which contains the
advance sepérations'and the deformations directly assodiated'with local separa-

tional mechanisms, ThlS reglon is termed the fracture process zone. The size

5a.)
of the fracture process zone 1s about 5(COS5) or less, where CO ﬁss defined later.

-

Outside of a boundary line enc1051ng the fracture process zone, it is convenient

" to assume that the rules of continuum mechanics apply in a straightforward manner.

-

3. THE CRACK-EXTENSION FORCE,&y
The crack—extehsion force,ﬁ%ﬁ is defined as the system-isolated loss of

stress field energy per unit of new'separational area. The inprement of new

: separatiopai area is regarded_as infinitesimal and virtﬁal.‘ Thus the ability to

‘ calculate X for a crack in a stress field does not imply actual forward motion

of the crack,

.

h. COMPLIANCE BASED DETERMINATIONS or%

Assume that a plate-type test specimen of thickness, B, containing a thregéhﬁ

the-thickness crack, is loaded by a force, P, and that displacement of the force

application region (parallel to the force) is represented by the symbol, ,éa
Assume the region of application of the reaction force is stationary. Let UT e
the total stress field energy and assume the stress field energy is zero when P

is zero, From the definition off%
/7
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where a is the crack length ard B da is the increment of new (virtual) separa-
tional area. The system-isolated (fixed /Q’ ) requirement can be removed by cor-

recting for the increase of stress field energy due to any movement, d,g, of P.

The equation for X! then becomes
B - -%(d——r” p ad) ST e o
B ,

e

{
da da B oo 7T R

B RS

in the case of negligible non-linear effects, the compliance, C, is given by
& - cp, and Uy is given by U, = P&/2. It follows that
¥ ... B &
g 2p ~ da .

Measurements of C as a function of a can be used to determme (ac/da)

" as a function of a. Such measurements provide a complla.nce cahbratmn of the

test specimen, pbrmitt:mg determlnatmons of & for various crack sizes using
observations of parameter pairs such as P,a; P, j P, C; ,3 C |
5. FAST-STABLE CRACK EXTENSION ' .
»' The fracture process zone of a running crack exhibits a ‘ldw'-inertia, over-
dar;lped type of behavior., At velocities between the uvpper‘ limiting speed and
crack arrest, the fomérd velocity of the .pr'ocess is closely controlled by the
dr1v1ng, force, ﬁ | o
(a) leltlnp' Veloclty
Prom fnertlal cons1derat10ns the velocity of a crack ca_nnot be largex;
than the speed of Raleigh waves, about 0.902. (02 = V.4 //0 . “where _Atis
the r1g1d1ty modulus and /‘9 is the den51tv) In real solids, the upper 11m1t1ng
velocity varies inversely with separational energy d13$1pat10n. "Observed
limiti.ng speeds for fast.-stable cracking have been in the range of 0.1cé to 0.6 Cye
(b) Crack Division
I‘ncre‘ase of I beyohd the amount necessary to drive a crack at limiting

speed results eventually in crack division. For a deeply embedded crack in a

/] 2



brittle solid, the efforts at crack division are locally independent along
various segments of the leading edge 'so that crack division produces a very
rough fracture appearance termed "hackle".
(c) Crack Arrest |
The.decreaseof crack speedeith decrease of X is terminated>by
crack arrest. Crack arrest is a relatively abrupt decrease of the crack
velocity to zero (or nearly to zero).
(d) Onset of Rapid Fracturing
_The opposite behévior to crack arrest is the relatively abrupt in-
crease of craqk’speed which often occurs at.the beginning of craﬁk extension
from thé leading edge df a giﬁtionaryﬂcrack'or éf a crack simulating qotch. The
degree of abruﬁtness and the initial velocity incréase with nétch root radius
(for a notch) or with leading edge roughness (for an initial crack),
6. SLOW-STABLE CRACK EXTENSION B _
| At values of ﬂJ too small for onset of rapld fracturing, stable progresszve>
crack extension can occur due to stress corroslon fatigue, viscosity, and
unnatural'sharpness of the initial crack. Slow—:stable cracking due to sharpness
of ihe initial crack is a'portion of the resistance'curve (R—cﬁrve) concept dis-
cussed laLer. '
(a).'Stress Ccrrosion Cracking
Bécause pf lack of better terminélogy; all mechanisms of slow-stable
cracking due @o an agressive en?ironment‘are commonly termedrstress corrosion ;
cracking, Hydrogen, either injected by electro-chemical éctibn or already present
in a metal. is attracted to the fracture process zone by the reduced density of
that region ard is often the agressive agent, In the case of mica, the 1nf1uence
of HZO appears to be mainly one of reducing electric bonding forces between the

crack surfaces. Such processes tend to be slow-stable because of the limited
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diffusion rate of the active agent. With increase of iﬁ, a crack speed "plateau"
{where crqck'speed is insensitive to fﬁ) is often observed. In the case of metals,
frequent efforts at crack division are characteristic, With decrease of 1,
an arreét.point of corrosion éracking éaﬁ often be observed.
(b) Fatigue cracklng

When the leadlng edge of a crack is subgected to cycles of tensile
loadlng, the large straln reversals at the leadlng edge of the crack result in
increments of forward motion of the leading edge. The cycl1c rate_of erack
extension, da/dN, is mainly a function of the Eyclic range of the II Qalue,-fi
At values of da/dN below 10:?.inches pef cyecle, careful experiménts reveal an
abrupt decrease of da/dN towafd zero with further decrease of‘fi |

' '(é) Viscous Cracking B |

InAthe case of polymeric solids composed of linear molecules, viscous
sﬁretch accompanied By molecular orientatidn and véids near the-leading edge of
a crack,provide a mechanism for slow-stable cfagk extension prior to onset of
r#pid fractufing. The process speed inéréases and decreases in phaée with siow
continuous changes of 23; Slow stable cracking with similar characteristics has
been obsefved in certain glasses and metals,
7. CRACK STRESS FIELD MODES

From-two-dihehsional linear-elastic analysis, thé étress fiéid élose to the'

leading edge of a craék can be divided into three modesf Assume Carteslan co-
ordlnates with y normal to the plane of the cratk, z parallel to the leading
edge, ard x ‘dlrectly ‘forward coplapar with the crack., Mode I: tky and t} 5
are zeroon y = 0, Mode II: C?& and T&z are zero on y = 0, Mode III: Ty
and T;y are zero on y = 0, For nearly isotropic materials, progressive tensile
, crackiﬁg oécurs only with a Mode I stress field around the ieading edge of the
crack. The three stress field modes are only defined in.a strict sense assuming

plane-strain for Modes I and II and anti-plane strain for Mode III.
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8. THE STRESS INTENSITY FACTOR, K,

In addition to the Carterlan coordinates noted above, assume cylindrical

coordinates, r, &, z aroud the leading edge with 2z c01nc1dent with the leadlng

edge and © measured from the x axis, From linear-elastic stress analysis,

assuming an jsotropic, solid, the stresses very close to the leading edge for a

Mode I stress field are given by

o | 1+ sin 6/2 sin 3 6/2
w B _

O'; : — K Co5 %5 1 - sin ‘9/2 sin 3 9/2
Nz

Z‘Ka A sin 8/2 cos 3 &/2 .

To achieve extended usefulness in the case of ofthotropic materials and fast

stable cracks, the K value for Mode I is defined as
K = Limit ((y; VZ mr)

‘as r-=>0on &= 0

replaced in the above equation by .tiy and -t}z respectively;

9. RELATION OF K% to G.
For the tensile o} opening mode (ﬁode I) cracks)which are

2' : E, plane-stress

K™ = l%where E1=
' : -—E-—Z plane-strain
. 1-7? ,

E is Young's Modulus and P is Poisson's ratio.
10, THE. PLASTICITY ADJUSTMENT FACTOR, Ty N |
(a) Effective Crack Size

The characterization faétors, K and G, computed frbm

can be given extended usefulness by increasing the "“visual" or

Similar definitions are obtained for the Mode II and Mode III K values if ay is

of primary interest)

linear analysis

actual crack Sizu -

so as to place the leading edge of the crack for analysis purposes at a central

location within the crack tip plastic zone. Thic can be done in a conventional

manner by advancing the position of the actual crack tip by the amount, ry, where

Ty"

2 (&

/.5



Alternatively, when the load-displacement record for a test specimen shows curva-
ture due to growth of a plastic zone (plus any slow-stable cracking), the crack

size corresponding te the "apparent' compliance can be used as the effective crack

size. G&'is an approximate estimate of the average y-direction tensile stress

across the craek tip piastic zone.
(b) Nominal Plastic Zone Size
It is often useful to know whether the.size of the plastic zone is
large or emall relatively to plate thickness or net ligament size, For such pur-
poses 2 rY can ee regarded as a nominal heesure‘of the plaetic éone size.-'
ll.k PLANE-STRESS AND PLANE-SqRAIN -
Consult standard reference books on elastlclty for deflnltlons of plane-

strain, generallzed plane- straln, plane-stress, and generallzed plane-stress.

(a) For a through-crack in a plate w1th 1n~p1ane loading, computatlons of K

are customarily based'on'two dimensional analyses.  The values of K and Qf 23

(plane—stress) thes obtained provide characterizations applicable to the leading
edge region of_fhe'crack on a thicknees average basis. When 2 ry is small compared
to the plate thickness, the leading edge stress rield in'the central portion of

the plate thickness m£§i%e nearly plane-strain., Methods of three-dimensional
analysis suitable for accurate computation of K and 2 for this central region

are not available. However, it is plausible to assume that the central fegion P

:value, if computed; would not differ significantly from the thickness-average

ﬁalue of K furniehed by the two-dimensionel plane-stress analysis. Although it'
is sometimes appropriate to regard plane-straih corditions as controlling onset
of rapid fractﬁring in a plate-type test sbecimen, the region of plene-strain":ﬁ
relatively small. In specimens of the above type, regardless of the plastic zone
size, the appropriate viewpoint for analysis of stresses and'diSplacements away

from the leading edge of the crack is generalized plane-siress.

/] 6



(b) The appropriate value of CT& for use in computations of ry is a judg-
ment choice. As a matter of terminology, assume

rys * 277 5’{5')2

where 0’; is the uni-axial tensﬂe yield point. For ZrYS )—? , the degree of
,plane—stram is small and choice of J‘.i as equal to Uyg usually provides sufficient
acéuracy. However, choice of Uy as the average of Jys and the ultimate tensile
strength , OE.’S, is often preferred when both are known. When 2 rys < B/3, the
degree of plane-strain is. substantlal and the preferred estlmates of O‘Y are elevated
'~ above the large plastic zone choice by a factor in the range of [/3/ to 2. When
—I-3-> ZrYS_B/B. an intérmediate estimate of Ty is a.hppropr"iate. Thé uncertainties
in choice of f7"i, are r'élativelj unimportant in practical appiicaiibns. |

(c) From linear-elastic treatment of three-dimensional crack problems, such
as the flat €lliptical or flat c1rcular crack in a large solid, th'e stress equa~
A‘tions o%}-%eaéing-edg&segment&&f»@hesc—cmks correSpZ:x;/i:c_;‘igenerahzed
plaﬁe-strain only in the limit of infinitesimal élqéeness to the leading edge.
12, FRACTURE TOUGHNESS | |

(a) ,Res;ista.nce Curves (R-Curves)

:When' the "sharpness" of an initial cfack is enhanced by a segment of low

a.mplitgde fatigue crack‘ing? the initial Vincrements of crack éxtension during a
rising load test ténd to be stable bécause the resisténce to crack extension
increases rapidly with the development of natural roughening of the leading edge.
When the fracture toughness is large enough so that shear lips oi‘ substantlal size
develop, the period of stable crack growth is extended and it is usually po.,sa.b1°
“to make a graphmal plot of H (or K) as a function of actual (or effective) crack
size prior to onset of rapid fracturlng. The ordlnate values are te: medfq&H or h‘;)
and such a graph is termed an R-curve. 1In the case of strain rate 1nsen_,1b1ve

materials (aluminum alloys, ultra~high strength steels) and when onset of rapid
fracturing is suppressed by use of wedge loading, it can be demonstrated thati‘}R amd K

//, 7



approach maximum values, The R-curve concept is fundamental to other forms of
fracture toughness evaluation.

For strain rate sensitive materials (steels with Tvys <160 KSI), the abrupt
fine scale separations inherent to natu;al fracturing introduce dynamic loading
effects which frequently cause onset of rapid fracturing‘after a relatively short
segment of crack extéﬁsion. For dynamic testing of such ﬁaterigls, élthough
direct ‘R-curve measurements are not feasible, it ;s useful to think of the fracture

energy in a dynamic-tear test as the area under a dynamic R-curve plotted in terms

of ﬁﬂ . .
R

(b) Plane-Strain Ffacturq Toughness

When the thickness of a plate type specimen is increased enovgh so that

B = 2.5 (K/a‘§5)2 at onset of rapid fracturing, the degree of plane-strain con-

straint of the plastic zone is large and the thickness average value of & at
onset-of‘rapia ffacture, termed 3blc , can be regarded as a measure of the plane-
strain fracture toughness. An ASTMItesting standard (E-399) has beén developed
for measurements of plane-stréin fracture toughness. In the présentvform of this

test method, the measure of plane-strain fracture toughnesé, KIc' is determined
from thé thickness average by using the equation, ,Kz = EY. 1In éddition the
meﬁsurement point is placed at approximately 2 percent incréasé in size of the
initiai crack.unleés onset of rapid frécturing.occurs‘previbusly. Other details
and various requirements for.validity of a te$£ result #re statéd in thé ASTM test
method. ' | :
- (e) Plané-Stress Frécture Toughness

Computations of the plaﬁeﬁstress fracture toughness, Kc' are commonly
made using the effective crack size and load at onset of rapid fraéturing. The
measurement point load is usually taken to be fhe maximum load. The effective

crack size is either derived from "apparent" compliance or is the visual crack

size plus ry. Although no firm testing standards have been developed, it is
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preferable to use specimens which are large enough so that the net section stress
is at least éO percent below the stress level for general yielding. |
(d) Fracture Toughness Tran51t10ns

When 1/48'<.2qu < 2B, the fracture toughness changes 1nverse1y with the
platé thickness because of the change in constraint of the crack tip plastic zone.
When ihe degree of plane-sirain constraiht is large, the fracturé surfaces are
normal to the‘direction of largest tensile stressiwith an appeérange,which is
often termed "flat-tensile". Wwhen 2rYS:>2B, although the direction.of fracturing
remains normal to the laréest tensile stress, the fracture is.usually tilted as
if the separation preferred planes of maximum shear stress. A terﬁ often used

for this fracture appearance is "obllque shear",

In the case of steels and in certain other BCC meuals w1th sufficient

lowering of the testing temperature, the nature of a flat-tensile fracture changes

‘from fibrous to quasi-cleavage. A large increase in the plane-strain fracture

. toughness is observed as the test temperature is increased through the‘range of

transition from quasi-cleawaée to fibrous fracturing. This is a micro-structural
transition which depends upon the mégnitude of the tensile stress across the
fracture process zone as well as upon microstrgctp{al aspects such as grain size,
Quasi-cleavape fracturing can be ~suppressed by inadequate éonstraini. Thus the
two k1nds of fracture transition are not 1ndependent Their cbmbined effect often
causes a suff1c1ently abrupt change in fracture toughness with temperature s0
that "service temperature above transition temperature" provides a useful rule
for adequate fracture toughness., | |
(e) Empirical K,, K; Relationship
Define /% and /gc by the equations
a1 _.*Es.)z wt 7 - L (fre)?

S B Lo 7ys
For ,”’<; 2 , an approx1mate empirical relationship exists in the form

PR 42
NG Ry Ic‘)
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equation

(f) Dynamic~Tear and Charpy V-N Notch Testing
A dynamic-tear (DT) test is a 3-point loaded notched-bend test broken

by a falling weight or a perdulum impact. When the notch sharpness is adequate
ard energy qissipaiion at the loading points is negligible, the measured fracture

énergy can be regarded as the area under the dynamic R-curve (plotted in terms

of }bk)'

Charpy-V notch (CVN) tests are similar éxcept that the spécimen is

small (10 mm square cross section) and the notch root radius is 0.1 mm, Approxi-

mate empirical relatlonshlps have been suggested for computatlons of K (statlc)

and KI (dynamic) from CVN test results for structural steels.
: c

13. Concepts of Adequate Toughness
' Given a test specification which requires a substantial degree of toughness,
for a given class of structures it is usually possible to adjust the des gn,

fabrication, and inspectidn so that only a tolerable number of fracture failures

are experienced,

" (a) Leak-Before-Burst Concept
From the plasticity adjusted value of K for a through-créck of length,

2B, in a large plate with a tension,g”, normal to the crack, one can derive the

S-S _
/i’.— - whex:e y = ,7"/ G_-YS
| 1-0.5¢° B | |

Using the empirical K . KIC relationship, values of g~ termed CfiB can be derived

from the above equat1on for given values of KI , B, and GE% This is regarded

~as the operatlng stress below which a short through—crack 1f developed, w111

cause leakage of a pressure vessel prior to onset of rapld fracturing. A 51m11ar
concept of adequate toughness has been suggested for other structures in whlch

leakage is not a factor'such as steel bridges.

//. 10



————

€=

" region,

(b) /5 Equals Un1ty | .

A sugrested simplification of the Leak Before Burst concept is ,fﬁ; = 1.

This ooncept has the virtue of requiring a fracture toughness which increases with

. yield strength and with section thickness.

(¢) Requirements in Terms of DT and CVN

4

When a DT or CVN specimen of fixed dimensions is employed for the fracture

toughness evaluations, the section thickness and Jyg appropriate to a given

structure must be separately taken into account, usually through empirical cor-

relations. Full thickness DT specimens are particularly appropriate when_arrest

of a running crack is an important fracture control element.

.

14, FRACTURE CONTROL PLANS
A fracture control plan lists the plausible fracture hazards, discusses

the relatlve efficiency of various methods for prevention of serious fractures,

Justif1es estimates of safe loads ard safe service lives, and assigns respons:blllty

for each fraciure control task., A complete fracture control plan involves in-

spection, fabrication, materials selection, anmd design in interdependent Ways.
15, CHARACTERIZATIONS OF THE® FRACTURE FROCESS ZONE ' A

(a) Crack Opening Stretch, COS or d4
From several oversimplified elastic-plastic analyses of the orack tip
the crack opening stretch near the leading edge of a.creck is given‘by
S - ﬂJ/J“ . The COS can be regarded as an everage—strain type of characterization
of the fracture process zone. Above general yieldirg, approximate estimates of

COS can be made from sllp line theory and from thickness reduct1on measurements.

(b) The J-Integral Concept -

Assuming negligible crack motion, it can be shown that the stress-strain

state around the fracture process zone can be approximately characterized by a path

indeperdent integral termed J. This concept permits determinations of J from calibra
pe

tion experiments., A series of crack lengths are used and J is derived as equal to

/] 11
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assuming the P,,Z curves can be treated as if the material were non-linear
elastic. There is no essential difference between J and the plasticity adjusted
value of 9\1 below general yielding., It appears that a relationship of the type

J = gy S, holds both above and below general yielding.

USCOMMNBS OC //' 12



'ENERGY DISAPPEARANCE RATE, J, FOR A LINEAR (or NON-LINEAR)

ELASTIC SOLID
A J-Integral contour around the crack tip fracture process zone

might, for example, follow the elastic-plastic boundary (dashed) or

the small circle, as shown in Figure 1.
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Figure 1 ' | Figure 2
A general load versus load-displacement diagram for loading at
‘a single (non-statisnary) point is shown in Figure 2. Slant shading
shows the energy disappeérancc, Jd da , ﬂurlipf1Xed. Horizontal shading
shows the recoverable stored elastiic energy, P dAp, due tova smell

increase of load-displacement. If U, is the total stored elastic enérgy,

Jda = -—JUT -+ PO‘AP

Thus the definition of J, assumed here, does not differ from the definitio
of}y . However,iy ha%@een closely associated with linear-elastic anal&sis
and use of a new symbol for non-linear applications is not inappropriatcﬁ
We next take the vievpoiﬁgihat the solid of interest is simply.
the area within an arblirary selected contour which encloses the crapki
tipSince energy loss during an increment of crack extension can *.:a»l;c't
ﬁlace only at the crack tip, a proper computation of the energy loss
réte for the selected area must agrée with a similar coméutation

for the entire sclid.
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Along any segment, dS, of the J.Integral contour the appl#éd load
(corrcsponding to P) is the stress vcctor,%, times dS. The load-
displacement (corresponding to dAP ) is g—%da vwhere t is the displacement
vector. We will indicate the product of load time parallel increment |
of load-displacement by a dot proc}zc;b convention andbwill write it
as ((-PAAP“ = (%.%)A&AS

The tota; of the recoverable stored energy, corresponding to

the horizontal shaded area of Figure 2, is given by a contour integral

of all the boundary elements. A i
‘ U f‘:{a {"éa%—»—%)&'{s

| 5P dap
Since% JUT jfclx C!‘j .,...-- cla"

vhere U is the stress field energy densi‘by, the expression for J can

bevmittenasJ::' fjdx:{_; 2y + é(t @LA)AS

In comparing the above equation with the equatidon previously give
for J da, it can be noted ‘bhat’the cormon factor, da, has been dropped

from each of the thrae tsrms. The above equation can be simplified

U

by recognizing that the crack size gradient terms, such as &&. 5

can be replaced by - bu ete.

'In other’words, from the analysis viewpoint
it is not possible tc d:.stmguish between an infinitesimal advanve of

the crack tip to the right and an infinitesimal shift of the coordinate

origin to the left. When - %%}; is substituted for gj—} in the area
Sl

integral, the iﬁtegra’cion with respect to X can be completed so that -

b {Udy -t Mai% o

| It can be shown that th= above (Rice) form of the J-Integral is path

independan‘c. if ‘éij - 'aex - 253 + txq %df:,(:z

|2 -2-
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The above equation is always true for elastic solids. When J is used for
a solid with non-linear plastic behavior, U must be computed as if the
behavior were non-linear elastic. More specific, U must be interpreted

s0 that the above equation forlg%: remainé valid.

If the behavior of the solid around (not witth&) the fracture
process zone is described for analysis purposes in terms of deformation
theory plasticity and.the crack tip char#cterized moves only & small dis-
tance (relative to plastic zone size) during loaaing, J ecan be'regarded as &
path independent chaxacterization of the stress-strain state around the |
fracture process zone. Numgrical calculations which assume incremental
plasticity behavior do not shoﬁ_a significant degree of path dependency
of J. Use of J as a characterizatibn parameter for fracture toughness
mcasurements has permitted extenéion of such measurements to specimens
in vhich considerable net section &ielding oceurs prior to the crack
cxtenéién measurement point. Other applicatibns of the J parameter are
under development.

It should be noted that the equation referred to above as the Rice
equation is not the basic definition of J. In special situations one
must return to the baslc idea of energy disappearance rate for an
elastic solid. For example: (a) For rapid crack extension, the strain
energy density, U, must be supplemented by terms which represent the
kinetic ehergy density. (b) Whén there are bod& forces within the J-
integral contour, their contribution to recoverable strain energy o
nust be included in the J calculation. This is rather obvious for e
crack in a rotating component. A less obvious varient occurs when a
crack is in a stress field produced by a temperature gradient.

-
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(c) When the stress field is 3-dimensional, except for special situ-

" ations of axial symmetry, the J calculation must be resstricted to the

region near the crack front where the stress-strain field is nearly :-
2-dimensional. (d) 1In all of the above special situations, a proper
calculation of J can be obtéined by taking a limit of the J-intégral,
in the Rice form, as the dimensions of the qontour approach Zero. Wﬁcn
this limiting procedure is used, any fixed shape‘of-the contour can be .
selected arbitrarily. '

For calculation purposes, it is often convenient to replace the
vector (Rice) form of the J-integral equation by the following equiva~-

lent expression,

. E ! ?
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